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On a Geometric Extremum Problem for
Convex Cones

Oleg Mushkarov and Nikolai Nikolov

Abstract. We study the optimization problem for minimizing the (n — 1)-
volume of the intersection of a convex cone K in R™ with a hyperplane
through a given point, first considered in [5]. We give a geometric char-
acterization of the stationary hyperplanes for this problem when K is a
hyperangle which partially answers a question posed in [5]. Moreover, we
study the location of the set S of points for which there is a stationary
hyperplane as well as the infimum of the (n—1)-volumes of cone segments
of K cut off by hyperplanes through a given boundary point of K. As
a model example we study in detail the non-negative orthant K of R™.
In this case S = K° and we show that every point of S lies in a unique
stationary hyperplane, which we describe in terms of the unique real root
of an irrational equation.
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1. Introduction

Let K be a closed convex cone in R (n > 2) with vertex at the origin O and
non-empty interior K°. Assume that K is pointed, that is K N (—K) = {O}.
In [5], the following optimization problem is considered:

() Minimize the (n—1)-volume of the intersection of K with a hyperplane
H % O through a given point A.

Let (-,-) be the standard inner product in R™. Write H as H(b) = {z :
(b,x) =1} (b # 0) and denote by V' (b) the (n—1)-volume of K (b) = KNH(b).
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Then (%) means to minimize V' (b) under the constraint (b,a) = 1 (a = (7)1)
Note that V'(b) is finite exactly when K (b) is compact, i.e. b is an inner point
of the dual cone K* of K. Recall that K* = {y : (y,z) > 0,Vax € K}. Since
K* N (-=K) = {0}, we may assume A ¢ (—K) and we may consider only
vectors b€ KT := (K*)° ={y: (y,z) > 0,Vo € K} (K" # @ if and only if K
is pointed). Call the respective hyperplanes admissible.

The main Result 3.1 in [5] states that b is stationary for V' under the
constraint (b,a) = 1, i.e. Dp(V) = Aa (X is the Lagrange multiplier), if and
only if

P — —

AH = nAG, (1)
where H is the orthogonal projection of O on H(b) and G is the centroid of
K (b). We call H(b) a stationary hyperplane for A.

This result extends the classical case n = 2, where the respective station-
ary line is called the Philon line (also called Philo’s line; for more details see,
e.g., [2,5], and the monograph [4], pp. 39 and 234-238).

Note that (1) implies that any admissible hyperplane H is stationary
exactly for one point from H. On the other hand, denote by S the set of points
A € R™ for which there is a stationary hyperplane through A. Since (x) has
a solution for any A € K°, we have that K° C S C R"\ (—=K). In [5], a
general question is posed, namely, to describe the set S and to characterize
the respective stationary hyperplanes. In Proposition 4 we recall the answer
to this question for n = 2 and note that the situation changes when n > 3.
We also discuss the infimum problem related to () for a boundary point A of
K (Proposition 5).

A main purpose of this note is to show that if K is the non-negative
orthant (Rar )™, then S = K° and any point from S lies in a unique stationary
hyperplane (which solves (x)). Moreover, we describe this hyperplane in terms
of the unique real root of an irrational equation (Proposition 6). Applying this
result (for n = 2), we also find the length of the shortest segment cut from
this orthant K by a line through a given point A € K° (Proposition 8).

2. Geometric Characterization of Stationary Hyperplanes

In this section we give a geometric characterization of the stationary hyper-
planes when K is a hyperangle, i.e. a closed convex cone in R™ spanned by n
linearly independent vectors ey, eo, ..., e,. Moreover, we study the location of
the set S defined above as well as the infimum of the (n — 1)-volumes of cone
segments of K cut off by admissible hyperplanes through a given boundary
point of K.

Let K be a hyperangle in R™ and H = H(b) a hyperplane such that
b € KT. This means that H intersects any ray Oe;”, say at A;. Let C be the
circumcenter of the (n — 1)-simplex A = Aj Ay ... A,. For n > 3, denote by
M the Monge point of A, i.e. the common point of the hyperplanes through
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the centroids of the (n — 3)-dimensional faces of A which are orthogonal to the
opposite edges of A (see, e.g., [3]). For A € H define A’ by

6—/7:”_1

OA. 2)

Proposition 1. For n > 3, any two of the following three conditions imply the
third one:
(i) H is a stationary hyperplane for A;

(ii)) A, = AAy = -+ = A Ay;
(iii) H = M.
Proof. Let A” be the orthogonal projection of A’ on H. Then, by (2),
AA=""375 (3)

On the other hand, it is a classical result (see, e.g., [3]) that

G= - CM. (4)
The proposition follows by (1), (3), (4), and the fact that (ii) is equivalent to
A" =C. U

Remarks. (i) If n = 2, (iii) is missing, i.e. (i) < (ii); in other words, [ is a
Philon line for A exactly when G is the midpoint of [AH].

(ii) Recall that a k-simplex A (k > 2) is called orthocentric if the altitudes
from the vertices to the opposite facets have a common point, called orthocenter
of the simplex. It turns out that this is equivalent to orthogonality of any edge
to the respective (k — 2)-dimensional face. Note that the orthocenter of A
coincides with its Monge point (see ,e.g., [3]).

Assume now that OA;A45... A, is an orthocentric n-simplex (n > 3).
Then A;1A;5...A, is an orthocentric (n — 1)-simplex and H = M. Hence in
this case (i) < (it), too.

Proposition 2. Let K be a hyperangle in R™.

(i) If K* C K, then S = K°.

(i) If an extreme ray of K forms acute angles with the others, then
there exists a point A € 0K with a unique hyperplane solving problem (x); in
particular, K° C S.

Proof. Let 'H be an admissible hyperplane, and H be the orthogonal projection
of O on H. For a point X € H, denote by (x1,xa,...,x,) its barycentric
coordinates w.r.t. the (n—1)-simplex A defined at the beginning of this section.
(i) The condition K* C K is equivalent to K+ C K° which means that
H € A° for any admissible hyperplane H, i.e. h; > 0 for any 1 <i < n.
Let now H be a stationary hyperplane for A. Then (1) reads as

hi+(n—1a; =1, 1<i<n. (5)
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Hence a; < 1/(n — 1), and then

akzl—Zai>1—(n—1).
i£k
This shows A € K°, and thus S C K°.

(ii) We may assume (ej,e;) > 0 for any 2 < i < n. Denote by A; =
A1As ... A, the respective (n — 1)-simplex to the hyperplane H; = H(ey).
Consider the point A € 9K with barycentric coordinates (0, ﬁ, R ﬁ)
w.r.t. A;.

Let H be an admissible hyperplane for A and A" = A} AL ... Al be the
orthogonal projection of the respective (n—1)-simplex A on H;y. Then A} = A;
and A} lies on the ray A;A;, 2 < i < n. Denote by K; the cone spanned by
these n — 1 rays.

Recall now (see, e.g., [5, Section 4, item (iv)]) that if the (n — 1)-volume
of the cone segment of K; cut off by an (n — 2)-plane through A is minimal,
then A is the centroid of the respective (n — 2)-simplex. Note that Ay ... A,
is the unique (n — 2)-simplex with this property. So

Vic1(A) > V1 (A) > Vi (Ar)
and (ii) easily follows. O

1

= 0.
n—1

It is easy to see that K C K* (resp. K C K™T) if and only if the angles
between the extreme rays of K are non-obtuse (resp. acute). Therefore, if
K C K™, then the condition in (ii) of Proposition 2 is satisfied for any extreme
ray of K. On the other hand, since (K*)* = K, we have that K* C K if and
only if the angles between the inward normals to the facets of K are non-
obtuse. In particular, the non-negative orthant is self-dual, i.e. K = K*. Note
also that in general K°N K™+ # @ which follows by the hyperplane separation
theorem.

Next, we claim that if K is a closed trihedral angle in R? with face angles
a < B < v, then the law of cosines for K shows that its dihedral angles are
non-acute, i.e. K* C K, if and only if § > /2 and cosa < cosfcosy. In
particular, o > 7/2 implies K* C K. This observation remains true in any
dimension.

Proposition 3. If the angles between the extreme rays of a hyperangle K in R™
are non-acute, then K* C K.

Proof. Suppose that K* ¢ K. Then, since K ¢ Kt and K N KT # @, there
exists a point A € KT N JK. We may assume that a = Y. , aze;, where
a; > 0. Hence 0 < (a,e1) = >, ai(e;, e1) < 0, a contradiction. O

Now we will describe the set S if n = 2. Set a = Z(eq, e2). Then K* C K
if « >90° and K C KT if a < 90°. So Proposition 1 implies that S = K° in
the first case and K° C S in the second one. In fact, we know much more (see,
e.g., [1] and [2]).
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If @ < 90°, set

1 + sin? oz/2>3/2

6 = arct —
arctan (1 + cos? /2

and consider the closed angle T" with vertex O, the same bisector as K, and
aperture 20. Then K C T.

Proposition 4. (i) If a > 90°, then S = K°, and for any point from K° there
exists one stationary line (global minima point).

(i) If o < 90, then S =T\ {O}. Moreover,

— for A € K there exists one stationary line (global minima point);

— for A € T°\ K there exist two stationary lines (local minima and
maxima points);

— for A € 9T \ {O} there exists one stationary line (saddle point).

It is noted in [5, Section 4 (ii)] that the situation changes when n > 3.
For example, if K is the closed trihedral angle spanned by the vectors e; =
(1,-1,-0.2),e2 = (1,1,—0.2), and ez = (1,0,0.01) (K C K*), then three
stationary planes exist for the point A = (1,0,0) € K° (two local minima
points and one saddle point).

Finally, let us mention again that if K is a closed convex cone in R"
with vertex at the origin O, then the problem () makes sense if K is pointed,
K° # @, and A ¢ (—K). It has solution if A € K° and it has no solution if
A ¢ KU (—K), since in this case the infimum my4 of the (n — 1)-volumes of
cone segments of K cut off by admissible hyperplanes through A is equal to 0.
So, it is natural to ask what happens if A € K. The answer is given by the
following proposition which is more or less intuitively clear.

Proposition 5. Let A € 0K \ {O}.

(i) If there is no hyperplane T > O such that A is a point from the relative
interior of K' = 0K NT, then m4 = 0.

(ii) Otherwise, such a T is unique and ma > 0. If ma is not attained,
then m4 is equal to the minimal (n — 1)-volume m of cone segment K" of
K' cut off by an (n — 2)-plane T' C T through A. Moreover, the relation (1)
remains true in this degenerate case.

Proof. For any A € 0K \ {O} there is a maximal positive integer £k < n — 1
and a unique k-plane 7 > O such that A is a point from the relative interior
of the cone K’ = 0K NT. Let 7' C T be a (k — 1)-plane through A that
minimizes the (k — 1)-volume of the cone segment K" of K’ cut off by 7.
Take n — k extreme rays Oei”,...,Oe” . of K not lying in 7’ and points
X1 € Oer”,..., X1, € Oe,, which tend to O as ¢ — oo .These points
together with 7’ determine admissible hyperplanes H; for K and it is not
difficult to see that V,_1(K NH;) — V,_1(K"). Hence my =0 for k <n—1
and m > my for k=n — 1.
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Let k = n — 1. It turns out that A is the centroid of K’ N7" [5, Section
(iv)]). Then A0 = nA_C);7 where G is the centroid of K", i.e. (1) holds (H = O).
It remains to show that if &k = n — 1 and m4 is not attained, then
ma > m. For this, consider a sequence of admissible hyperplanes H; > A such
that Vn_l(K n ’];) — ma.
Claim. T, — T.

Proof of the claim. Let T; = T;(b;) = {x : (bj,z) = 1}. Since m4 is not
attained, then [|b;|| — oo. On the other hand, A € (K')° and therefore
there are n — 1 linearly independent vectors ey, es,...,e,_1 € K’ such that
a = 22;11 ager, where ap > 0. Let ¢; = HZ?II' Since (¢;,er) > 0 and
(ci,a) = Hbl'\l — 0, it follows that (¢;,ex) — 0 for any 1 < k < n — 1.

This means that ¢; tends to a normal vector of 7, i.e. 7, — 7. O

Further on, denote by II; the orthogonal projection of K N7; on 7.
Consider a point O; € II; at minimal distance r; from O. Let K; be the convex
hull of O; and B; = K’ N7;. Then

Vot (KNT) > Vi (1) > Vi1 (K5). (6)
Set h; = dist(O;, B;), d; = dist(O, B;), and note that
Vo1 (KG)  hg

- 7

Vo1 (K!)  di’ (™
where K’ is the cone segment of K’ cut off by the (n — 2)-plane 7; N 7. Now
a similar argument to that in the proof of the claim provides by contradiction
a d > 0 such that d; > d.! On the other hand, 7; — 7 easily implies that
r; — 0, and hence

hz' T

Zol <o

R ®)
Since V;,—1(K NT;) — ma, then (6), (7), (8), and V,,—1(K/) > m imply that
ma > m. O

3. The Non-Negative Orthant
Let K be the non-negative orthant in R, i.e. K = (RJ)". We already know
that S = K°. For A = (a1,as,...,a,) € K°, set b; = %ai, 1<i<n,and

- n—1

b;
fA(fU)*;bi_i_ CET: 5

Mn fact, such an argument shows that if A is an interior point of a closed convex pointed
cone L, then there exists a d4 > 0 such that dist(O,H) > 0 for any admissible hyperplane
H> A

@ Springer



On a Geometric Extremum Problem for Convex Cones Page 7 of 9 122

This function is continuous and strictly decreasing on the interval
[~ minb?,4+00), f(0) = 1 and f(+00) = 152, Hence the equation fa(z) =0
has a unique real root A4, and Ag > 0. Set ¢; = b; + /b + A4, 1 <i <n.

Proposition 6. For any A € K° there exists a unique stationary hyperplane.
—
For the respective (n — 1)-simplex A we have that OA; = c;e;, 1 <i < n, and

[l ci
Vic1(A) = —=——.
1(A4) (n—1)VAa
Proof. Let ‘H be an admissible hyperplane. Then, by Remark (ii) after Propo-
sition 1, H is a stationary hyperplane for A if and only if A’A; = A’As =
—
o= A'A,,, where A’ is given by (2). Let OA; = x;e;, 1 < i < n. Then we get
that

27— (n—Daja; = AA2 - AO0* =\, 1<i<n, 9)
ie. \
ai
l-(n-1)% =2,

Summing up these equalities and using that

n a;

25! (10)
=1

(since A, Ay, Ao, ..., A, € H), we get that AY ., :1:;2 =1, ie. A =d?, where

d is the distance from O to H. By (9), z; = b;++/b? + ), and then (10) implies

that fa(A) =0. So A = A4, z; = ¢;, and the formula for V,,_;(A) follows. O

Let us note that the circumcenter C' of the simplex A coincides with A
if only if n = 3.

Applying Proposition 6 for n = 2 gives the following known fact.
Corollary 7. The length of a shortest segment cut from the first quadrant in
R? by a line through its interior point A(ai,az) is equal to (a?/3 + a§/3)3/2,
and such a segment is unique.

Prook. Lt = (@100 (a2 + ). Sne
b% + A= a?/?’(ai/?’/Q —+ 03/3)27 b% F A= ag/?)(a;/?,/z 4 a§/3)27

it easily follows that A = A 4. Then ¢; = a4 _1_6&/3&3/3’ ey = ay +a§/3a?/3, o

hence Vi = (¢ + )12 = (a7 + a3/ .

We now generalize the above corollary to higher dimensions.

Proposition 8. Let A = A(ay,az,...,a,) with0 < a3 < as < -+ < a,. Then
the length of a shortest segment cut from the non-negative orthant K in R™ by
a line through A is equal to (a/® + a2/%)3/2,
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Proof. We may assume that n > 3. We will first prove that the length of a
shortest segment cut from the set Q) = (Rg )2 x R"~2 O K by a line through
A is given by the above formula, that such a segment is unique and that it lies
in K. To do this, set L = Rg x R"™1 and Ly = R x ]Ra' x R"72. Let a line
through A cut from Q a segment [A; As], where A; € Ly and Ay € La. Denote
by II the plane through A which is orthogonal to {0} x {0} x R"~2. Let A} and
Al be the orthogonal projections of A; and Ay on II. Then A} € Ly, A} € Lo,
O € [A1AL)], and |A] AL| < |A1As| with equality if and only if A] = A; and
Y, = Ay. Hence the problem is reduced to that for the right angle Olyl C K,
where [ = Ly N 1T and I = Ly NIL. It remains to apply Corollary 7.
Let now [BC] be a segment cut from K by a line through A. Setting
Ly =RF1x Rar X Rgik, 1 < k < n, we may choose i # j such that B € L;
and C € L;. Then the same reasoning as above shows that

)2,

and the proposition is proved. O

2

3
J

N wolro
o

2 2
| BC > (a} +a})? > (af +a

This proof shows that for n > 3 the number of lines through A which cut
from K segments of minimal length is equal to k — 1 if a1 < as = ap < agy1,
and to (’2“) if a1 = aa = ar < ag41. In particular, such a line is unique if and
only if as < as.

On the other hand, it is clear that among all lines [ # O through A ¢ K°
there is none which cuts from K a segment of minimal length.
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