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Abstract
The following problems related to almost complex structures on a twistor space
are discussed: (1) when two almost complex structures defined by amorphism of
the twistor space and two conformal metrics on the base manifold coincide; (2)
when the Atiyah–Hitchin–Singer or Eells–Salamon almost complex structures
on the twistor space defined by two metric connections on the base Riemannian
manifold coincide.
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1 INTRODUCTION

The twistor space of an even-dimensional Riemannianmanifold (𝑀, 𝑔) is a bundle over𝑀 that parameterizes the orthog-
onal complex structures on the tangent spaces of𝑀. If𝑀 is oriented, one can consider the bundles over𝑀 parameterizing
the orthogonal complex structures yielding the given or the opposite orientation of 𝑀. These bundles are respectively
called positive and negative twistor space of (𝑀, 𝑔), and if𝑀 is connected, their total spaces are the connected components
of .
The manifold  admits two remarkable almost complex structures introduced respectively by Atiyah–Hitchin–Singer

[2] and Eells–Salamon [10] in the case when the dimension of𝑀 is four. The twistor construction has been extended to any
even-dimensional Riemannianmanifold by Bérard–Bergery–Ochiai [4] and I. Skornyakov [15], see alsoO’Brian–Rawnsley
[12]), and Salamon [14]. It has been observed by Deschamps [8] that one can define other almost complex structures on
a twistor space by means of a morphism 𝑓 of the twistor bundle. If 𝑓 = id, the corresponding almost complex structure
coincides with that of Atiyah–Hitchin–Singer and if 𝑓 = −id it is the conjugate to the Eeells–Salamon one. In fact, LeBrun
[11] was the first to use morphisms of the twistor bundle to construct complex structures with interesting properties (see
Example 1).
It is well-known (see e.g., [2, 12]) that the Atiyah–Hitchin–Singer almost complex structure is conformally invariant in

the sense that it does not change under conformal changes of the base metric. This leads to the natural question when two
almost complex structures 𝑓 and ̃𝑓 on the twistor space defined by means of a morphism 𝑓 of the twistor bundle and
two conformal metrics 𝑔 = e2𝜑𝑔 on the base manifold coincide. We prove that if𝑀 is oriented and the function 𝜑 has no
critical points, 𝑓 = ̃𝑓 on the positive twistor space if and only if 𝑓 = id, that is, 𝑓 is the Atiyah–Hitchin–Singer almost
complex structure (see Theorem 1).
The Atiyah–Hitchin–Singer and Eells–Salamon almost complex structures on a twistor space are usually defined using

the Levi-Civita connection of the base manifold. But such structures can be defined in a similar way using any metric
connection [9]. Thus, another natural question is when two metric connections 𝐷 and 𝐷̃ on a Riemannian manifold
(𝑀, 𝑔) determine the same Atiyah–Hitchin–Singer or Eells–Salamon almost complex structures. We answer this question
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in terms of the irreducible components of the difference tensor 𝐴(𝑋,𝑌, 𝑍) = 𝑔(𝐷̃𝑋𝑌 − 𝐷𝑋𝑌, 𝑍) under the action of the
orthogonal group 𝑂(𝑛), 𝑛 = dim𝑀 on 𝑇𝑀

⨂
Λ2𝑇𝑀 [16] (see Theorem 2).

The paper is organized as follows. In Section 2, we recall some basic information about the twistor space of an even-
dimensional Riemannian manifold and the definitions of the Atiyah–Hitchin–Singer and Eells–Salamon almost complex
structures. The so-called compatible almost complex structures (in the sense of Deschamps [8]) defined by means of
morphisms of the twistor bundle are also considered. Then, in Sections 3 and 4, we prove Theorems 1 and 2, respectively,
by analyzing the algebraic conditions on the difference tensor of the Levi-Civita connections of two conformal metrics
and that of two arbitrary metric connections on the base manifold.

2 BASICS OF TWISTOR SPACES

2.1 The manifold of orthogonal linear complex structures

Let 𝑉 be a real vector space of even dimension 𝑛 = 2𝑚 endowed with a Euclidean metric 𝑔. Denote by 𝐹(𝑉) the set of
𝑔-orthogonal complex structures on𝑉. This set has the structure of an embedded smooth submanifold of the vector space
𝔰𝔬(𝑉) of skew-symmetric endomorphisms of (𝑉, 𝑔). The tangent space of 𝐹(𝑉) at a point 𝐽 consists of endomorphisms
𝑄 ∈ 𝔰𝔬(𝑉) anti-commuting with 𝐽, and we have the decomposition

𝔰𝔬(𝑉) = 𝑇𝐽𝐹(𝑉) ⊕ {𝑆 ∈ 𝔰𝔬(𝑉) ∶ 𝑆𝐽 − 𝐽𝑆 = 0}

which is orthogonal with respect to the metric 𝐺(𝑆, 𝑇) = −1
2
Trace(𝑆◦𝑇) on 𝔰𝔬(𝑉). The smooth manifold 𝐹(𝑉) admits a

natural almost-complex structure  defined by 𝑄 = 𝐽◦𝑄 for 𝑄 ∈ 𝑇𝐽𝐹(𝑉). This structure is compatible with the metric
𝐺. It is not hard to find an explicit formula for the Levi-Civita connection ∇ of 𝐺 and to see that ∇ = 0, so (𝐺, ) is a
Kähler structure on 𝐹(𝑉). In particular,  is an integrable structure, hence it is induced by complex coordinates. One can
also show that the metric 𝐺 is Einstein.
The group𝑂(𝑉) ≅ 𝑂(2𝑚) of orthogonal transformations of𝑉 acts on 𝐹(𝑉) by conjugation and the isotropy subgroup at

a fixed complex structure 𝐽0 is isomorphic to the unitary group 𝑈(𝑚). Therefore, 𝐹(𝑉) can be identified with the homo-
geneous space 𝑂(2𝑚)∕𝑈(𝑚). In particular, dim𝐹(𝑉) = 𝑚2 − 𝑚. Note also that the manifold 𝐹(𝑉) has two connected
components 𝐹±(𝑉): if we fix an orientation on 𝑉, these components consist of the complex structures on 𝑉 compatible
with the metric 𝑔 and inducing the positive/negative orientation of 𝑉; each of them has the homogeneous representation
𝑆𝑂(2𝑚)∕𝑈(𝑚).
The metric 𝑔 of 𝑉 induces a metric on Λ2𝑉 given by

𝑔(𝑣1 ∧ 𝑣2, 𝑣3 ∧ 𝑣4) =
1

2
[𝑔(𝑣1, 𝑣3)𝑔(𝑣2, 𝑣4) − 𝑔(𝑣1, 𝑣4)𝑔(𝑣2, 𝑣3)]. (1)

Then we have an isomorphism 𝔰𝔬(𝑉) ≅ Λ2𝑉, which sends 𝑆 ∈ 𝔰𝔬(𝑉) to the 2-vector 𝑆∧ for which

2𝑔(𝑆∧, 𝑢 ∧ 𝑣) = 𝑔(𝑆𝑢, 𝑣), 𝑢, 𝑣 ∈ 𝑉. (2)

This isomorphism is an isometry with respect to the metric 1
2
𝐺 on 𝔰𝔬(𝑉) and the metric 𝑔 on Λ2𝑉: if 𝐾𝑎 and 𝐾𝑏 are the

skew-symmetric endomorphisms of 𝑉 corresponding to the 2-vectors 𝑎 and 𝑏,

𝑔(𝑎, 𝑏) =
1

2
𝐺(𝐾𝑎, 𝐾𝑏). (3)

Suppose that 𝑉 is oriented and of dimension four. Then, the Hodge star operator defines an endomorphism ∗ of Λ2𝑉
with ∗2= Id. Hence, we have the orthogonal decomposition

Λ2𝑉 = Λ2+𝑉 ⊕ Λ
2
−𝑉,
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where Λ2±𝑉 are the subspaces of Λ2𝑉 corresponding to the (±1)-eigenvalues of the operator ∗. Let (𝑒1, 𝑒2, 𝑒3, 𝑒4) be an
oriented orthonormal basis of 𝑉. Set

𝑠±
1
= 𝑒1 ∧ 𝑒2 ± 𝑒3 ∧ 𝑒4, 𝑠±

2
= 𝑒1 ∧ 𝑒3 ± 𝑒4 ∧ 𝑒2, 𝑠±

3
= 𝑒1 ∧ 𝑒4 ± 𝑒2 ∧ 𝑒3. (4)

Then (𝑠±
1
, 𝑠±
2
, 𝑠±
3
) is an orthonormal basis of Λ2±𝑉. The orientation of Λ2±𝑉 determined by this basis does not depend on

the choice of the basis (𝑒1, 𝑒2, 𝑒3, 𝑒4) (see, e.g., [5]).
It is easy to see that the isomorphism𝜑 → 𝜑∧ identifies𝐹±(𝑉)with the unit sphere 𝑆(Λ2±𝑉) of the Euclidean vector space

(Λ2±𝑉, 𝑔) (so, the factor 1∕2 in (1) is chosen in order to have spheres of radius 1). Under this isomorphism, if 𝐽 ∈ 𝐹±(𝑉),
the tangent space 𝑇𝐽𝐹(𝑉) = 𝑇𝐽𝐹±(𝑉) is identified with the orthogonal complement (ℝ𝐽∧)⟂ of the space ℝ𝐽∧ in Λ2±𝑉.
Moreover, the restriction of the complex structure to 𝐹±(𝑉) is identified with the complex structure of the unit sphere in
Λ2±𝑉. Thus, (𝑄)∧ = ±(𝐽∧ × 𝑄∧)where × is the vector-cross product on the three-dimensional Euclidean space (Λ2±𝑉, 𝑔)
endowed with the orientation defined above.

2.2 The twistor space of an even-dimensional Riemannian manifold

Let (𝑀, 𝑔) be a Riemannianmanifold of even dimension. The twistor space of (𝑀, 𝑔) is the bundle𝜋 ∶ → 𝑀 whose fiber
at a point 𝑝 ∈ 𝑀 is the manifold 𝐹(𝑇𝑝𝑀) of all complex structures of the tangent space 𝑇𝑝𝑀 compatible with the metric
𝑔𝑝. If𝑀 is oriented, we can consider the bundles over𝑀 whose fiber at 𝑝 is themanifold of compatible complex structures
yielding the positive and, respectively, the negative orientation of 𝑇𝑝𝑀. The latter bundles are disjoint open subsets of 
and are frequently called the positive and the negative twistor spaces of (𝑀, 𝑔), respectively. They are usually denoted by
+ and −. If𝑀 is connected and oriented, they are the connected components of the manifold. Clearly, changing the
orientation interchanges the role of the positive and negative twistor spaces. If𝑀 is oriented and of dimension four, we
have the decomposition

Λ2𝑇𝑀 = Λ2+𝑇𝑀 ⊕Λ2−𝑇𝑀

under the action of the Hodge star operator,Λ2±𝑇𝑀 being the subbundles corresponding to the (±1)-eigenvalues. Themap
𝐽 → 𝐽∧ identifies the positive (negative) twistor space with the unit sphere bundle 𝑆(Λ2+𝑇𝑀) (resp. 𝑆(Λ2−𝑇𝑀)).
Let𝐷 be ametric connection on a Riemannianmanifold (𝑀, 𝑔). Then, one can define two almost complex structures 1

and 2 introduced, respectively, by Atiyah–Hitchin–Singer [2] and Eells–Salamon [10] in the case when the basemanifold
𝑀 is of dimension four and 𝐷 is the Levi-Civita connection of (𝑀, 𝑔).
The bundle can be considered as a subbundle of the bundle𝐴(𝑇𝑀) of skew-symmetric endomorphisms of the tangent

bundle 𝑇𝑀. The metric connection 𝐷 of (𝑀, 𝑔) determines a connection on the bundle 𝐴(𝑇𝑀) denoted also by 𝐷. The
horizontal space of the vector bundle𝐴(𝑇𝑀)with respect to𝐷 at a point 𝐽 ∈  is tangent to. Hence, we have the splitting
𝑇 =  ⊕ of the tangent bundle of into vertical and horizontal subbundles. For every 𝐽 ∈ , the horizontal subspace
𝐽 of 𝑇𝐽 is isomorphic to the tangent space 𝑇𝜋(𝐽)𝑀 via the differential 𝜋∗𝐽 , and we set

𝑘|𝐽 = (𝜋∗|𝐽)−1◦𝐽◦(𝜋∗|𝐽), 𝑘 = 1, 2.

The vertical subspace 𝐽 of 𝑇𝐽 is the tangent space at 𝐽 to the fiber of the bundle  through 𝐽. This fiber is the complex
manifold 𝐹(𝑇𝜋(𝐽)𝑀) we have discussed in Section 2.1 Denote its complex structure by 𝐽

. Then the almost-complex
structures 𝑘 are defined on the vertical space 𝐽 by

1|𝐽 = 𝐽
, 2|𝐽 = −𝐽

.

The above construction of the almost complex structures 𝑘 can be generalized in the following way [8]. Let 𝑓 ∶ → 

be a fiber-preserving smooth map of the twistor bundle. Then it defines an almost complex structure 𝑓 on  by

𝑓|𝐽 = (𝜋∗|𝐽)−1◦𝑓(𝐽)◦(𝜋∗|𝐽), 𝑓|𝐽 = 𝐽
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3052 DAVIDOV and MUSHKAROV

where 𝐽 ∈ . It is obvious that id = 1, the Atiyah–Hitchin–Singer almost structure, while −id = −2, the conjugate
almost complex structure of the Eells–Salamon one.
Here are some examples of compatible almost complex structures.

Example 1. As we noted in Section 1, LeBrun [11] was the first to use self-maps of a twistor space to construct complex
structures with interesting properties. He considered the twistor space+ of a 𝐾3-surface𝑀 with a hyper-Kähler metric,
in which case + is diffeomorphic to 𝑀 ×ℂℙ1. LeBrun used the complex structures on + defined by the maps 𝑓𝑚 ∶
𝑀 × ℂℙ1 → 𝑀 × ℂℙ1 given by 𝑓𝑚(𝑥, [𝑢, 𝑣]) = (𝑥, [𝑢𝑚−1, 𝑣𝑚−1]), 𝑥 ∈ 𝑀 for𝑚 = 1, 2, … to show that the Chern numbers
𝑐3
1
and 𝑐1𝑐2 of a compact complex 3-manifold are not determined by the topology of the underlying smooth manifold.

Example 2. Let (𝑀, 𝑔, 𝐾) be an almost Hermitian manifold. Then one can define a morphism 𝑓𝐾 of  by

𝑓𝐾(𝐽) = 𝐾𝜋(𝐽), 𝐽 ∈ .

If we endow 𝑀 with the orientation determined by the almost complex structure 𝐾, 𝑓𝐾 is a morphism of the positive
twistor space +. We refer the reader to [1, 7, 8] where geometric properties of the compatible almost complex structure
𝑓𝐾 have been studied.

Example 3.Let (𝑀, 𝑔, 𝐾) be an almostHermitianmanifold of dimension four. Consider𝑀with orientation induced by the
almost complex structure𝐾. In this case, we identify the positive twistor space+ with the unit sphere bundle 𝑆(Λ2+𝑇𝑀).

Let 𝜔 be the unit 2-vector field corresponding to the almost Hermitian structure (𝑔, 𝐾), that is,

𝑔(𝜔, 𝑋 ∧ 𝑌) =
1

2
𝑔(𝐾𝑋,𝑌), 𝑋, 𝑌 ∈ 𝑇𝑀.

Then, as in [8], we can define morphisms of + by using the stereographic projection 𝜒𝜎 of every fiber (+)𝜋(𝜎) from
the point 𝜔𝜋(𝜎) onto the plane (ℝ𝜔𝜋(𝜎))⟂, the orthogonal complement being taken in Λ2+𝑇𝜋(𝜎)𝑀. As usual, we also set
𝜒𝜎(𝜔𝜋(𝜎)) = ∞, the ”ideal” element of the plane (ℝ𝜔𝜋(𝜎))⟂. Let 𝜆 = 𝑎 + i𝑏 ∈ ℂ and set 𝐹𝜆(𝜁) = 𝜆𝜁 for 𝜁 ∈ (ℝ𝜔𝜋(𝜎))⟂.
Then

𝑓+
𝜆
(𝜎) = 𝜒−1𝜎 ◦𝐹𝜆◦𝜒𝜎(𝜎)

is a self-map of + whose restriction to any fiber is holomorphic. Similarly, denote by 𝜓𝜎 the stereographic projection of
(+)𝜋(𝜎) from the point −𝜔𝜋(𝜎) onto the plane (ℝ𝜔𝜋(𝜎))⟂ and set

𝑓−
𝜆
(𝜎) = 𝜒−1𝜎 ◦𝐹𝜆◦𝜓𝜎(𝜎).

In this way, we obtain another self-map of+ whose restriction to any fiber is anti-holomorphic. Clearly, the points 𝑓−𝜆 (𝜎)
and 𝑓+

𝜆
(𝜎) are symmetric with respect to the plane (ℝ𝜔𝜋(𝜎))⟂.

It is not hard to see that the maps 𝑓±
𝜆
∶ + → + are given by the following explicit formula [1]:

𝑓±
𝜆
(𝜎) = [(𝑎2 + 𝑏2 + 1) + (𝑎2 + 𝑏2 − 1)𝑔(𝜎, 𝜔𝜋(𝜎))]

−1

{2𝑎𝜎 − 2𝑏𝜎 × 𝜔𝜋(𝜎) − 2𝑎𝑔(𝜎, 𝜔𝜋(𝜎))𝜔𝜋(𝜎)

±[(𝑎2 + 𝑏2 − 1) + (𝑎2 + 𝑏2 + 1)𝑔(𝜎, 𝜔𝜋(𝜎))]𝜔𝜋(𝜎)}.

(5)

Denote by 
±
𝜆
the almost complex structure on + defined by means of the map 𝑓±𝜆 . Then  +

1
is the Atiyah–Hitchin–

Singer almost complex structure and  −
1
is the conjugate of the Eells–Salamon almost complex structure. Also,  ±

0
is the

almost complex structure on + yielded by the almost complex structure ∓𝐾 on𝑀 and discussed in Example 1.

Example 4. Let (𝑀, 𝑔) be an even-dimensional Riemannian manifold and  its twistor space. For any non-vanishing
vector field 𝐸 on𝑀, we define a morphism 𝑓𝐸 of  in the following way: 𝑓𝐸(𝐽) = −𝐽 on 𝑆𝑝𝑎𝑛(𝐸, 𝐽𝐸) and 𝑓𝐸(𝐽) = 𝐽 on
the orthogonal complement of 𝑆𝑝𝑎𝑛(𝐸, 𝐽𝐸). Note that 𝑓𝐸(𝐽) and 𝐽 determine opposite orientations on 𝑇𝜋(𝐽)𝑀. Thus, if
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DAVIDOV and MUSHKAROV 3053

the manifold𝑀 is oriented, then the morphism 𝑓𝐸 ∶ →  interchanges the positive and the negative twistor spaces+
and −.

We refer the reader to [1, 7, 8, 13] where the geometric and analytic properties of the compatible almost complex
structures 𝑓 have been studied.

Notation. In what follows, the positive twistor space of an oriented Riemannian manifold will be denoted by .

3 CONFORMAL INVARIANCE OF COMPATIBLE ALMOST COMPLEX STRUCTURES
ON TWISTOR SPACES

In this section, we will show that the Atiyah–Hitchin–Singer almost complex structure is the only compatible almost
complex structure on the positive (negative) twistor space of an oriented even-dimensional Riemannian manifold which
is invariant under conformal changes of the base metric.
Let 𝑔 and 𝑔 be two conformal metrics on a smooth manifold 𝑀. Then clearly every 𝑔-orthogonal endomorphism of

any tangent space of𝑀 is 𝑔-orthogonal and vice versa. Thus, the Riemannian manifolds (𝑀, 𝑔) and (𝑀, 𝑔) have the same
twistor space.

Theorem 1. Let 𝑓 ∶ →  be a fiber-preserving smoothmap of the positive twistor space of an oriented even-dimensional
Riemannianmanifold (𝑀, 𝑔) and let 𝑔 = 𝑒2𝜑𝑔 be a conformal metric. Suppose that the function 𝜑 has no critical points. Then
the almost complex structures 𝑓 and ̃𝑓 on corresponding to the Levi-Civita connections of 𝑔 and 𝑔 coincide if and only if
𝑓 = 𝑖𝑑.

Proof. Let ∇ and ∇̃ be the Levi-Civita connections of 𝑔 and 𝑔, respectively. They are related by

∇̃𝑋𝑌 = ∇𝑋𝑌 + 𝑋(𝜑)𝑌 + 𝑌(𝜑)𝑋 − 𝑔(𝑋, 𝑌)∇𝜑 (6)

where ∇𝜑 is the gradient of 𝜑 defined by 𝑔(∇𝜑, 𝑍) = 𝑍(𝜑).
Let 𝜋 ∶ 𝐴(𝑇𝑀) → 𝑀 be the projection map of the bundle 𝐴(𝑇𝑀), 𝐽 ∈  and 𝑋 ∈ 𝑇𝜋(𝐽)𝑀. The horizontal lifts of 𝑋 to

𝑇𝐽 with respect to ∇ and ∇̃ will be denoted by 𝑋ℎ𝐽 and 𝑋
ℎ
𝐽 . Let 𝑆 be a section of 𝜋 ∶ →𝑀 such that 𝑆(𝑝) = 𝐽. Then

𝑋ℎ𝐽 + ∇𝑋𝑆 = 𝑆∗(𝑋) = 𝑋
ℎ
𝐽 + ∇̃𝑋𝑆. (7)

On the other hand, using identity (6), we get

(∇̃𝑋𝑆)(𝑌) = (∇𝑋𝑆)(𝑌) + 𝑉𝐽,𝑋(𝑌),

where 𝑉𝐽,𝑋 ∶ 𝑇𝑝𝑀 → 𝑇𝑝𝑀 is the linear map defined by

𝑉𝐽,𝑋(𝑌) = (𝐽𝑌)(𝜑)𝑋 − 𝑔(𝑋, 𝐽𝑌)∇𝜑 − 𝑌(𝜑)𝐽𝑋 + 𝑔(𝑋, 𝑌)𝐽∇𝜑. (8)

The endomorphism 𝑉𝐽,𝑋 of 𝑇𝑝𝑀 is skew-symmetric with respect to 𝑔 (as well as with respect to 𝑔) and anti-commutes
with 𝐽. Thus, 𝑉𝐽,𝑋 is a vertical tangent vector to  at the point 𝐽 and the identity (7) can be written as

𝑋ℎ𝐽 = 𝑋
ℎ
𝐽 + 𝑉𝐽,𝑋. (9)

By the definitions of 𝑓 and ̃𝑓 , we get from (9)

̃𝑓𝑋
ℎ
𝐽 =

˜(𝑓(𝐽)𝑋)
ℎ

𝐽 + 𝐽𝑉𝐽,𝑋 = (𝑓(𝐽)𝑋)
ℎ
𝐽 − 𝑉𝐽,𝑓(𝐽)𝑋 + 𝐽𝑉𝐽,𝑋

= 𝑓𝑋
ℎ
𝐽 − 𝑉𝐽,𝑓(𝐽)𝑋 + 𝐽𝑉𝐽,𝑋.
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3054 DAVIDOV and MUSHKAROV

Having in mind that 𝑓|𝐽 = ̃𝑓|𝐽 , we conclude that ̃𝑓 = 𝑓 if and only if

𝑉𝐽,𝑓(𝐽)𝑋 = 𝐽𝑉𝐽,𝑋 (10)

for every 𝐽 ∈  and every 𝑋 ∈ 𝑇𝜋(𝐽)𝑀.
To prove the theorem, it remains to show that (10) implies 𝑓 = id. To do this, we observe first that 𝐽𝑉𝐽,𝑋 = 𝑉𝐽,𝐽𝑋 and

rewrite (10) as

𝑉𝐽,(𝑓(𝐽)−𝐽)𝑋 = 0 (11)

for all 𝐽 ∈  and 𝑋 ∈ 𝑇𝜋(𝐽)𝑀. Note also that the vector field 𝐸 = ∇𝜑 does not vanish, and using (8) one can easily prove
that𝑉𝐽,𝑊 = 0 if and only if𝑊 ∈ Span(𝐸, 𝐽𝐸). Hence, (𝑓(𝐽) − 𝐽)𝑋 ∈ Span(𝐸, 𝐽𝐸) for all𝑋 ∈ 𝑇𝜋(𝐽)𝑀. In particular, (𝑓(𝐽) −
𝐽)𝐸 ∈ Span(𝐸, 𝐽𝐸), and the fact that 𝑔((𝑓(𝐽) − 𝐽)𝐸, 𝐸) = 0 implies that 𝑓(𝐽)(𝐸) = ±𝐽𝐸. Then

𝑓(𝐽)(𝐽𝐸) = ±(𝑓(𝐽))2(𝐸) = ±(𝐽(𝐽𝐸)

and therefore 𝑓(𝐽) = ±𝐽 on Span(𝐸, 𝐽𝐸). Let 𝑋 ⟂ Span(𝐸, 𝐽𝐸) be an arbitrary tangent vector. Then 𝐽𝑋 ⟂ Span(𝐸, 𝐽𝐸) and
using the identity 𝑓(𝐽)(𝑋) = 𝐽𝑋 +𝑊, where𝑊 ∈ Span(𝐸, 𝐽𝐸), we get

∥ 𝑊 ∥2= 𝑔(𝑓(𝐽)(𝑋),𝑊) = −𝑔(𝑋, 𝑓(𝐽)(𝑊)) = ∓𝑔(𝑋, 𝐽𝑊) = 0.

Thus,𝑊 = 0 and we conclude that 𝑓(𝐽) = 𝐽 on the orthogonal complement of Span(𝐸, 𝐽𝐸). Now, the fact that 𝑓(𝐽) and
𝐽 determine the same orientation shows that the case 𝑓(𝐽) = −𝐽 on Span(𝐸, 𝐽𝐸) is impossible. Hence, 𝑓(𝐽) = 𝐽 for all
𝐽 ∈ . □

Remarks.

1. If ∇𝜑(𝑝) = 0 at a point 𝑝 ∈ 𝑀, then 𝑉𝐽,𝑋 = 0 for every 𝐽 ∈ 𝑝, the fiber of  at 𝑝, and every 𝑋 ∈ 𝑇𝜋(𝐽)𝑀. Hence,
𝑓 = ̃𝑓 on 𝑇𝐽 for every 𝐽 ∈ 𝑝 if 𝑝 is a critical point of 𝜑. This and Theorem 1 imply the well-known result that
the Atiyah–Hitchin–Singer almost complex structures 1 and ̃1 on the twistor space of two conformal metrics 𝑔 and
𝑔 on a manifold coincide. Conversely, by a result in [3], if the twistor spaces of two Riemannian metrics 𝑔 and 𝑔 on
the samemanifold are biholomorphic with respect to the Atiyah–Hitchin–Singer almost complex structures by a fiber-
preserving map, then the metrics 𝑔 and 𝑔 are conformally equivalent. The case of twistor spaces of two Riemannian
manifolds biholomorphic with respect to the Atiyah–Hitchin–Singer or Eells–Salamon almost complex structures is
discussed in [6].

2. Consider the whole twistor space of an arbitrary even-dimensional Riemannian manifold (𝑀, 𝑔) and a conformal to
𝑔 metric 𝑔 = 𝑒2𝜑𝑔 with ∇𝜑 ≠ 0 at every point. Then the above proof shows that the morphisms 𝑓 of the twistor space
such that the almost complex structures 𝑓 and ̃𝑓 coincide are 𝑓 = 𝑖𝑑 and 𝑓 = 𝑓∇𝜑, where 𝑓∇𝜑 is the morphism of
defined by means of the vector field ∇𝜑 as in Example 1.

4 ALMOST COMPLEX STRUCTURES ON TWISTOR SPACES DEFINED BYMETRIC
CONNECTIONS

Let (𝑀, 𝑔) be an oriented Riemannian manifold, 𝐷 and 𝐷̃ two metric connections on it, and 𝐴 = 𝐷̃ − 𝐷, where

𝐴(𝑋,𝑌) = 𝐷̃𝑋𝑌 − 𝐷𝑋𝑌 , 𝑋, 𝑌 ∈ 𝑇𝑀.

Since the connections are both metric,

𝑔(𝐴(𝑋, 𝑌), 𝑍) = −𝑔(𝐴(𝑋, 𝑍), 𝑌).
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DAVIDOV and MUSHKAROV 3055

Set 𝐴(𝑋,𝑌, 𝑍) = 𝑔(𝐴(𝑋, 𝑌), 𝑍) and

𝑐(𝐴)(𝑍) =
1

𝑛 − 1

𝑛∑
𝑖=1

𝐴(𝐸𝑖, 𝐸𝑖, 𝑍)

for an arbitrary orthonormal frame (𝐸1, … , 𝐸𝑛) of 𝑇𝑀. Then 𝐴 ∈ 𝑇𝑀
⨂
Λ2𝑇𝑀 and by [16, Theorems 3.1 and 3.2], the

tensor 𝐴 has three irreducible components 𝐴1,𝐴2, 𝐴3 under the action of the orthogonal group 𝑂(𝑛) on 𝑇𝑀
⨂
Λ2𝑇𝑀.

They are given by

𝐴1(𝑋, 𝑌, 𝑍) = 𝑔(𝑋, 𝑌)𝑐(𝐴)(𝑍) − 𝑔(𝑋, 𝑍)𝑐(𝐴)(𝑌) , (12)

𝐴2(𝑋, 𝑌, 𝑍) =
1

3
𝔖
𝑋,𝑌,𝑍

𝐴(𝑋, 𝑌, 𝑍) (13)

and 𝐴3 = 𝐴 − 𝐴1 − 𝐴2. Note that 𝐴2 is totaly skew-symmetric and

𝔖
𝑋,𝑌,𝑍

𝐴3(𝑋, 𝑌, 𝑍) = 0 , 𝑐(𝐴3) = 0 (14)

for all 𝑋,𝑌, 𝑍 ∈ 𝑇𝑀.

Theorem 2. Let 𝐷 and 𝐷̃ be two metric connections on an oriented even-dimensional Riemannian manifold (𝑀, 𝑔) with
positive twistor space and let 𝐴 = 𝐷̃ − 𝐷.

(i) 𝐷 and 𝐷̃ yield the same Atiyah–Hitchin–Singer almost complex structure on if and only if
(a) 𝑑𝑖𝑚𝑀 = 4 and the 2-form 𝚤𝑋𝐴3 is self-dual for every 𝑋 ∈ 𝑇𝑀

or
(b) 𝑑𝑖𝑚𝑀 ≥ 6 and 𝐴 = 𝐴1.

(ii) 𝐷 and 𝐷̃ yield the same Eells–Salamon almost complex structure on if and only if
(a) 𝑑𝑖𝑚𝑀 = 4 and the 2-form 𝚤𝑋𝐴 is self-dual for every 𝑋 ∈ 𝑇𝑀

or
(b) 𝑑𝑖𝑚𝑀 ≥ 6 and 𝐷 = 𝐷̃.

Proof. Recall that 𝐷 and 𝐷̃ yield the same Atiyah–Hitchin–Singer almost complex structure on + if and only if

𝐴(𝑋,𝑌, 𝑍) − 𝐴(𝐽𝑋, 𝐽𝑌, 𝑍) − 𝐴(𝐽𝑋, 𝑌, 𝐽𝑍) − 𝐴(𝑋, 𝐽𝑌, 𝐽𝑍) = 0 (15)

for every 𝐽 ∈  [9, Lemma 2.4]. This follows from the observation that if 𝑋ℎ𝐽 and 𝑋
ℎ
𝐽 are the horizontal lifts of a tangent

vector 𝑋 ∈ 𝑇𝜋(𝐽)𝑀 with respect to the connections 𝐷 and 𝐷̃, respectively, then 𝑋ℎ𝐽 = 𝑋
ℎ
𝐽 + 𝑉𝐽,𝑋 where 𝑉𝐽,𝑋 is the vertical

tangent vector to  at 𝐽 given by

𝑉𝐽,𝑋(𝑌) = 𝐴(𝑋, 𝐽𝑌) − 𝐽𝐴(𝑋, 𝑌), 𝑌 ∈ 𝑇𝜋(𝐽)𝑀.

It also follows that 𝐷 and 𝐷̃ determine the same Eells–Salamon almost complex structure exactly when

𝐴(𝑋,𝑌, 𝑍) + 𝐴(𝐽𝑋, 𝐽𝑌, 𝑍) + 𝐴(𝐽𝑋, 𝑌, 𝐽𝑍) − 𝐴(𝑋, 𝐽𝑌, 𝐽𝑍) = 0. (16)

for every 𝐽 ∈ .
Define a tensor 𝐵 on𝑀 by

𝑔(𝐵(𝑌, 𝑍), 𝑋) = 𝐴(𝑋, 𝑌, 𝑍). (17)
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3056 DAVIDOV and MUSHKAROV

Clearly, 𝐵 is skew-symmetric, and we extend it to a linear map 𝐵 ∶ Λ2𝑇𝑀 → 𝑇𝑀. In terms of 𝐵, identities (15) and (16)
can be written as

𝑔(𝐵(𝑌 ∧ 𝑍 − 𝐽𝑌 ∧ 𝐽𝑍), 𝑋) + 𝜀𝑔(𝐵(𝐽𝑌 ∧ 𝑍 + 𝑌 ∧ 𝐽𝑍), 𝐽𝑋) = 0, (18)

with 𝜀 = −1 for the Atiyah–Hitchin–Singer almost complex structure and 𝜀 = +1 for the Eells–Salamon one.
Let dim𝑀 = 2𝑚, and take an orthonormal system of vector fields 𝑒 = {𝐸1, … , 𝐸4} in a neighborhood of a point 𝑝 ∈ 𝑀.

If dim𝑀 ≥ 6, we can complete this system to an oriented orthonormal local frame (𝐸1, … , 𝐸4, 𝐸5, … , 𝐸2𝑚). If dim𝑀 = 4,
we will assume that the orthonormal local frame (𝐸1, … , 𝐸4) is oriented. It is convenient to set

𝑠1 = 𝐸1 ∧ 𝐸2 + 𝐸3 ∧ 𝐸4, 𝑠2 = 𝐸1 ∧ 𝐸3 + 𝐸4 ∧ 𝐸2, 𝑠3 = 𝐸1 ∧ 𝐸4 + 𝐸2 ∧ 𝐸3. (19)

Let 𝐽𝑒 be the almost complex structure defined in a neighborhood of the point 𝑝 by 𝐸2 = 𝐽𝑒𝐸1, … , 𝐸2𝑚 = 𝐽𝑒𝐸2𝑚−1. Then
𝐽𝑒 is a section of , and identity (18) is satisfied for every 𝑌, 𝑍 ∈ {𝐸1, 𝐸2, 𝐸3, 𝐸4} exactly when

𝑔(𝐵(𝑠2), 𝑋) + 𝜀𝑔(𝐵(𝑠3), 𝐽𝑒𝑋) = 0 (20)

for every 𝑋 ∈ 𝑇𝑀. Let 𝑆 be the 𝑆𝑂(4)-matrix

𝑆 =

⎛⎜⎜⎜⎜⎜⎝

𝑎 −𝑏 −𝑐 −𝑑

𝑏 𝑎 −𝑑 𝑐

𝑐 𝑑 𝑎 −𝑏

𝑑 −𝑐 𝑏 𝑎

⎞⎟⎟⎟⎟⎟⎠
where 𝑎, 𝑏, 𝑐, 𝑑 are real numbers with 𝑎2 + 𝑏2 + 𝑐2 + 𝑑2 = 1. Denote by 𝑒′ = {𝐸′

1
, … , 𝐸′

4
} the orthonormal system of vector

fields obtained by the left action of the matrix 𝑆 to the column (𝐸1, … , 𝐸4)𝑡. Let 𝑠′1, 𝑠
′
2
, 𝑠′
3
be the 2-vectors defined by means

of 𝐸′
1
, … , 𝐸′

4
via (19). Then

𝑠′
1
= (𝑎2 + 𝑏2 − 𝑐2 − 𝑑2)𝑠1 − 2(𝑎𝑑 − 𝑏𝑐)𝑠2 + 2(𝑎𝑐 + 𝑏𝑑)𝑠3,

𝑠′
2
= 2(𝑎𝑑 + 𝑏𝑐)𝑠1 + (𝑎

2 + 𝑐2 − 𝑏2 − 𝑑2)𝑠2 − 2(𝑎𝑏 − 𝑐𝑑)𝑠3,

𝑠′
3
= −2(𝑎𝑐 − 𝑏𝑑)𝑠1 + 2(𝑎𝑏 + 𝑐𝑑)𝑠2 + (𝑎

2 + 𝑑2 − 𝑏2 − 𝑐2)𝑠3.

Applying (20) for 𝑠2, 𝑠3 replaced with 𝑠′2, 𝑠
′
3
and for 𝑋 = 𝐸′

1
, 𝐽𝑒′𝑋 = 𝐸′2, we get a polynomial identity in 𝑎, 𝑏, 𝑐, 𝑑 with

coefficients linear combinations of 𝑔(𝐵(𝑠𝑖), 𝐸𝑗). This identity and (20) imply

𝑔(𝐵(𝑠1), 𝐸1) = 𝑔(𝐵(𝑠2), 𝐸4) = 𝜀𝑔(𝐵(𝑠3), 𝐸3),

𝑔(𝐵(𝑠1), 𝐸2) = −𝜀𝑔(𝐵(𝑠2), 𝐸3) = 𝑔(𝐵(𝑠3), 𝐸4),

(1 − 𝜀)𝑔(𝐵(𝑠1), 𝐸3) = 2𝜀𝑔(𝐵(𝑠2), 𝐸2) = 2𝑔(𝐵(𝑠3), 𝐸1),

𝑔(𝐵(𝑠1), 𝐸4) = −𝑔(𝐵(𝑠2), 𝐸1) = 𝜀𝑔(𝐵(𝑠3), 𝐸2),

(1 + 𝜀)𝑔(𝐵(𝑠1, 𝐸1) = (1 + 𝜀)𝑔(𝐵(𝑠1), 𝐸2) = 0,

[2 +
1

2
𝜀(1 − 𝜀)]𝑔(𝐵(𝑠1), 𝐸3) = −𝑔(𝐵(𝑠2), 𝐸2),

(1 − 𝜀)𝑔(𝐵(𝑠1, 𝐸4) = 2𝑔(𝐵(𝑠3), 𝐸2).

(21)

Proof of (ii). In this case, 𝜀 = 1 and we get from (21) that

𝑔(𝐵(𝑠𝑖), 𝐸𝑗) = 0, 𝑖 = 1, 2, 3, 𝑗 = 1,… , 4. (22)
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DAVIDOV and MUSHKAROV 3057

If dim𝑀 = 4, then 𝐵(𝜎) = 0 for every 𝜎 ∈ Λ2+𝑇𝑀 and by (17) the 2-form 𝚤𝑋𝐴 is self-dual for every 𝑋 ∈ 𝑇𝑀. If dim𝑀 ≥ 6,
we can apply identities (22) for the orthogonal system {−𝐸1, 𝐸2, 𝐸3, 𝐸4}. The identities obtained and (22) imply

𝑔(𝐵(𝐸𝑖, 𝐸𝑗), 𝐸𝑘) = 0, 𝑖, 𝑗, 𝑘 = 1,… , 4.

These identities hold for any orthonormal system of four vector fields, hence 𝐵 = 0. Thus, 𝐴 = 0, that is, the connections
𝐷 and 𝐷̃ coincide

The converse statement is trivial in the case dim𝑀 = 6. It follows in the case dim𝑀 = 4 from the observation that
if the 2-form 𝚤𝑋𝐴 is self-dual for every 𝑋 ∈ 𝑇𝑀, then identity (18) is satisfied since the 2-vectors 𝑌 ∧ 𝑍 − 𝐽𝑌 ∧ 𝐽𝑍 and
𝐽𝑌 ∧ 𝑍 + 𝑌 ∧ 𝐽𝑍 belong to Λ2+𝑇𝑀 for every 𝐽 ∈  and every 𝑌, 𝑍 ∈ 𝑇𝜋(𝐽)𝑀.

Proof of (i). In this case 𝜀 = −1 and identities (21) give

𝑔(𝐵(𝑠1), 𝐸1) = 𝑔(𝐵(𝑠2), 𝐸4) = −𝑔(𝐵(𝑠3), 𝐸3),

𝑔(𝐵(𝑠1), 𝐸2) = 𝑔(𝐵(𝑠2), 𝐸3) = 𝑔(𝐵(𝑠3), 𝐸4)

𝑔(𝐵(𝑠1), 𝐸3) = −𝑔(𝐵(𝑠2), 𝐸2) = 𝑔(𝐵(𝑠3), 𝐸1),

𝑔(𝐵(𝑠1), 𝐸4) = −𝑔(𝐵(𝑠2), 𝐸1) = −𝑔(𝐵(𝑠3), 𝐸2).

(23)

A straightforward and easy computation shows that the tensor 𝐴1 satisfies condition (15) and the tensor 𝐴2 does so
if dim𝑀 = 4 (without any assumption on 𝐴). Therefore, if dim𝑀 = 4, the tensor 𝐴 satisfies identity (15) if and only if
𝐴3 does.
Set

𝑔(𝐵𝑖(𝑌, 𝑍), 𝑋) = 𝑔(𝐴𝑖(𝑋, 𝑌), 𝑍), 𝑖 = 1, 2, 3.

Suppose first that dim𝑀 = 4. Since 𝐴3 satisfies condition (15), the tensor 𝐵3 satisfies identities (23). Moreover,

𝔖
𝑋,𝑌,𝑍

𝑔(𝐵3(𝑋, 𝑌), 𝑍) = 0

and

4∑
𝑖=1

𝑔(𝐵3(𝐸𝑖, 𝑍), 𝐸𝑖) = 0.

Then

𝑔(𝐵3(𝑠1), 𝐸1) + 𝑔(𝐵2(𝑠2), 𝐸4) − 𝑔(𝐵3(𝑠3), 𝐸3) = 0

and the first identity of (23) implies that

𝑔(𝐵3(𝑠1), 𝐸1) = 𝑔(𝐵3(𝑠2), 𝐸4) = −𝑔(𝐵3(𝑠3), 𝐸3) = 0.

Similarly, all inner products involving𝐵3 in (23) vanish and it follows that𝐵3(𝜎) = 0 for every𝜎 ∈ Λ2+𝑇𝑀. Conversely, if the
latter identity holds, identity (18) is satisfied since, as we noted above, the 2-vectors𝑌 ∧ 𝑍 − 𝐽𝑌 ∧ 𝐽𝑍 and 𝐽𝑌 ∧ 𝑍 + 𝑌 ∧ 𝐽𝑍
belong to Λ2+𝑇𝑀. Thus, if dim𝑀 = 4 the connections 𝐷 and 𝐷̃ yield the same Atiyah–Hitchin–Singer almost complex
structure on  if and only if the 2-form 𝚤𝑋𝐴3 is self-dual for every 𝑋 ∈ 𝑇𝑀.
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3058 DAVIDOV and MUSHKAROV

Suppose now dim𝑀 ≥ 6. Then, we can apply identities (23) for the orthogonal system {−𝐸1, 𝐸2, 𝐸3, 𝐸4} and compare
the identities obtained with those in (23). Setting 𝐵𝑖𝑗𝑘 = 𝑔(𝐵(𝐸𝑖 ∧ 𝐸𝑗), 𝐸𝑘), we see that

𝐵212 = 𝐵313 = 𝐵414, 𝐵121 = 𝐵323 = 𝐵424, 𝐵131 = 𝐵232 = 𝐵434,

𝐵141 = 𝐵242 = 𝐵343, 𝐵123 = 𝐵231 = 𝐵312, 𝐵124 = 𝐵241 = 𝐵412,

𝐵134 = 𝐵341 = 𝐵413, 𝐵234 = 𝐵342 = 𝐵423.

Since these identities hold for any orthonormal system of four vector fields, it follows that for every orthonormal frame
(𝐸1, … , 𝐸2𝑚), we have 𝐵𝑖𝑗𝑘 = 𝐵𝑗𝑘𝑖 = 𝐵𝑘𝑖𝑗 for any three different indexes. In this case, 𝐵𝑖𝑗𝑘 = 𝐵𝑘𝑖𝑗 = −𝐵𝑖𝑘𝑗 , so 𝐵𝑖𝑗𝑘 is skew-
symmetric for different indexes 𝑖, 𝑗, 𝑘. Moreover, for any fixed 𝑖, 𝐵𝑗𝑖𝑗 = 𝐵𝑘𝑖𝑘 if 𝑗 ≠ 𝑖, 𝑘 ≠ 𝑖, 𝑗, 𝑘 = 1,… , 2𝑚. Hence we can
define smooth functions 𝑓𝑖 , 𝑖 = 1, … , 2𝑚, such that 𝑓𝑖 = 𝐵𝑗𝑖𝑗 for 𝑗 = 1,… , 2𝑚. For 𝑋,𝑌, 𝑍 ∈ 𝑇𝑀, set 𝑋𝑖 = 𝑔(𝑋, 𝐸𝑖), and
similarly for 𝑌𝑖 and 𝑍𝑖 . Then

𝑔(𝐵(𝑌, 𝑍), 𝑋) =
2𝑚∑

𝑖,𝑗,𝑘=1

𝑌𝑖𝑍𝑗𝑋𝑘𝐵𝑖𝑗𝑘

=
2𝑚∑
𝑖,𝑗=1

𝑌𝑖𝑍𝑗𝑋𝑖𝐵𝑖𝑗𝑖 +
2𝑚∑
𝑖,𝑘=1

𝑌𝑖𝑍𝑖𝑋𝑘𝐵𝑖𝑘𝑘 +
∑

𝑖≠𝑗,𝑗≠𝑘,𝑘≠𝑖

𝑌𝑖𝑍𝑗𝑋𝑘𝐵𝑖𝑗𝑘

=
2𝑚∑
𝑖,𝑗=1

𝑌𝑖𝑍𝑗𝑋𝑖𝐵𝑖𝑗𝑖 −
2𝑚∑
𝑖,𝑘=1

𝑌𝑖𝑍𝑖𝑋𝑘𝐵𝑘𝑖𝑘 +
∑

𝑖≠𝑗,𝑗≠𝑘,𝑘≠𝑖

𝑌𝑖𝑍𝑗𝑋𝑘𝐵𝑖𝑗𝑘

= 𝑔(𝑌, 𝑋)
2𝑚∑
𝑗=1
𝑔(𝑍, 𝐸𝑗)𝑓𝑗 − 𝑔(𝑋, 𝑍)

2𝑚∑
𝑖=1
𝑔(𝑌𝑖, 𝐸𝑖)𝑓𝑖 +

∑
𝑖≠𝑗,𝑗≠𝑘,𝑘≠𝑖

𝑌𝑖𝑍𝑗𝑋𝑘𝐵𝑖𝑗𝑘

Thus, setting

𝑊 =
∑
𝑙

𝑓𝑙𝐸𝑙 , 𝐶(𝑌, 𝑍, 𝑋) =
∑

𝑖≠𝑗,𝑗≠𝑘,𝑘≠𝑖

𝑌𝑖𝑍𝑗𝑋𝑘𝐵𝑖𝑗𝑘,

we get

𝑔(𝐵(𝑌, 𝑍), 𝑋) = 𝑔(𝑌, 𝑋)𝑔(𝑍,𝑊) − 𝑔(𝑋, 𝑍)𝑔(𝑌,𝑊) + 𝐶(𝑌, 𝑍, 𝑋)

This shows that if dim𝑀 ≥ 6 and𝐴 satisfies the identities (15), in a neighborhood of every point of𝑀, there exist a vector
field𝑊 and a skew-symmetric 3-form 𝐶 such that

𝐴(𝑋,𝑌, 𝑍) = 𝑔(𝑋, 𝑌)𝑔(𝑍,𝑊) − 𝑔(𝑋, 𝑍)𝑔(𝑌,𝑊) + 𝐶(𝑋, 𝑌, 𝑍).

The latter identity implies

𝑔(𝑊, 𝑍) =
1

𝑛 − 1

𝑛∑
𝑖=1

𝑔(𝐴(𝐸𝑖, 𝐸𝑖), 𝑍) = 𝑐(𝐴)(𝑍)

and therefore 𝐴 = 𝐴1 + 𝐶. The tensor 𝐴1 satisfies identity (15), hence so does 𝐶(𝑋, 𝑌, 𝑍). Take any oriented orthonormal
basis 𝑒 = (𝐸1, … , 𝐸2𝑚) of a tangent space 𝑇𝑝𝑀. Let 𝐽𝑒 be the complex structure of 𝑇𝑝𝑀 for which 𝐽𝑒𝐸2𝑘−1 = 𝐸2𝑘 , 𝑘 =
1,… ,𝑚. Then

𝐶(𝐸1, 𝐸2, 𝑋) + 𝐶(𝐸3, 𝐸4, 𝑋) − 𝐶(𝐸1, 𝐸4, 𝐽𝑒𝑋) − 𝐶(𝐸2, 𝐸3, 𝐽𝑒𝑋) = 0

for every 𝑋 ∈ 𝑇𝑝𝑀. In particular, setting 𝐶𝑖𝑗𝑘 = 𝐶(𝐸𝑖, 𝐸𝑗, 𝐸𝑘),

𝐶125 + 𝐶345 − 𝐶146 − 𝐶236 = 0.
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DAVIDOV and MUSHKAROV 3059

Applying the latter identity for the basis

𝑒′ = (𝐸2, 𝐸1, 𝐸4, 𝐸3, 𝐸5, 𝐸6, … , 𝐸2𝑚),

we get

𝐶215 + 𝐶435 − 𝐶236 − 𝐶146 = 0.

The last two identities imply

𝐶125 + 𝐶345 = 0.

Applying this identity for the basis

e′′ = (−𝐸1, 𝐸2, 𝐸3, 𝐸4, 𝐸5, −𝐸6, 𝐸7, … , 𝐸2𝑚)

we see that 𝐶125 = 0. It follows 𝐶𝑖𝑗𝑘 = 0 for any three different indexes, that is, 𝐶 = 0, hence 𝐴 = 𝐴1. Conversely, as we
already noted 𝐴1 satisfies identity (15) and (i) is proved completely. □
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