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Abstract. We consider a special family of 2-dimensional timelike surfaces
in the Minkowski 4-space R

4
1 which lie on rotational hypersurfaces with

timelike axis and call them meridian surfaces of elliptic type. We study
the following basic classes of timelike meridian surfaces of elliptic type:
with constant Gauss curvature, with constant mean curvature, with par-
allel mean curvature vector field, with parallel normalized mean curvature
vector field. The results obtained for the last class are used to give ex-
plicit solutions to the background systems of natural PDEs describing the
timelike surfaces with parallel normalized mean curvature vector field in
R

4
1.
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1. Introduction

In the local theory of surfaces both in Euclidean and pseudo-Euclidean spaces,
one of the basic problems is to find a minimal number of functions, satisfying
some natural conditions, that determine the surface up to a motion. This
problem is known as the Lund-Regge problem [21]. It is solved for zero mean
curvature surfaces of co-dimension two in the Euclidean 4-space R

4 in [17,28],
for spacelike and timelike zero mean curvature surfaces in the Minkowski space
R

4
1 in [3] and [14], respectively, for spacelike and timelike zero mean curvature

surfaces in the pseudo-Euclidean space with neutral metric R
4
2 in [24] and

[2], respectively. The spacelike or timelike surfaces with zero mean curvature
in these spaces admit (at least locally) special isothermal parameters, called
canonical, such that the two main invariants – the Gaussian curvature and the
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normal curvature of the surface - satisfy a system of two partial differential
equations called a system of natural PDEs. So, the number of the invariant
functions determining the surfaces and the number of the differential equations
are reduced to two. Moreover, the geometry of the corresponding zero mean
curvature surface is determined by the solutions of this system of natural
PDEs.

Thus, another natural question arises: can we solve the Lund-Regge problem
for other classes of surfaces, different from the minimal ones, in 4-dimensional
spaces? Or, equivalently, can we introduce canonical parameters and obtain
natural equations for other classes of surfaces, different from the minimal ones,
in 4-dimensional spaces? We managed to solve this problem for the surfaces
with parallel normalized mean curvature vector field – another important class
of surfaces both in Riemannian and pseudo-Riemannian geometry, since be-
ing a natural extension of the surfaces with parallel mean curvature vector
field, they play an important role in Differential geometry and Physics. We
proved that the surfaces with parallel normalized mean curvature vector field
(PNMCVF) can be described in terms of three functions satisfying a system
of three partial differential equations. The results for PNMCVF-surfaces in
the Euclidean 4-space R

4 and spacelike PNMCVF-surfaces in the Minkowski
4-space R

4
1 are obtained in [16]. A similar result is proved for one class of

Lorentz PNMCVF-surfaces in the pseudo-Euclidean 4-space R
4
2 (see [1]), but

for the rest of them the question is still open. In [5] we obtained the back-
ground systems of natural partial differential equations describing the timelike
surfaces with parallel normalized mean curvature vector field in the Minkowski
space R

4
1. Our approach to the study of PNMCVF-surfaces both in Euclidean

and pseudo-Euclidean spaces is based on the introducing of special geometric
parameters on each such surface which we call canonical parameters. In the
case of timelike PNMCVF-surfaces we use canonical isotropic parameters. Ex-
amples of solutions to the background systems of PDEs can be found in the
class of the so called meridian surfaces – these are 2-dimensional surfaces lying
on rotational hypersurfaces in R

4, R
4
1 or R

4
2.

The search for explicit solutions to the system of PDEs that describes timelike
surfaces with parallel normalized mean curvature vector field in R

4
1 motivated

us to consider timelike meridian surfaces in the Minkowski 4-space.

In the present paper, we consider a special family of 2-dimensional timelike
surfaces in the four-dimensional Minkowski space R

4
1 which lie on rotational

hypersurfaces with timelike axis. We call them meridian surfaces of elliptic
type. We study some basic classes of timelike meridian surfaces of elliptic type:
with constant Gauss curvature, with constant mean curvature, with parallel
mean curvature vector field, with parallel normalized mean curvature vector
field. The class of timelike meridian surfaces of elliptic type with parallel nor-
malized mean curvature vector field is described in Theorem 7.1. We use this
result to give explicit solutions to the background systems of natural PDEs
describing the timelike surfaces with parallel normalized mean curvature vec-
tor field in R

4
1. We introduce isotropic canonical parameters on any timelike
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meridian surface of elliptic type and obtain the geometric isotropic frame field
for this class of surfaces and the geometric functions introduced in [5]. Finally,
we give examples of explicit solutions to the background systems of natural
PDEs describing the PNMCVF-surfaces in R

4
1.

2. Preliminaries

We consider the four-dimensional Minkowski space R
4
1 endowed with the stan-

dard flat metric 〈., .〉 of signature (3, 1) which is given in local coordinates by
dx2

1 + dx2
2 + dx2

3 − dx2
4, where (x1, x2, x3, x4) is a rectangular coordinate sys-

tem of R
4
1. Since the metric is indefinite, a vector v ∈ R

4
1 can have one of the

three casual characters: it can be spacelike if 〈v, v〉 > 0 or v = 0, timelike if
〈v, v〉 < 0, and lightlike if 〈v, v〉 = 0 and v �= 0. The terminology is inspired by
the General Relativity.

We use the following denotations:

S
3
1(1) =

{
V ∈ R

4
1 : 〈V, V 〉 = 1

}
;

H
3
1(−1) =

{
V ∈ R

4
1 : 〈V, V 〉 = −1

}
.

The space S
3
1(1) is known as the de Sitter space, and the space H

3
1(−1) is

known as the hyperbolic space (or the anti-de Sitter space) [22].

Recall that a surface M2 in R
4
1 is said to be spacelike (resp. timelike), if 〈., .〉

induces a Riemannian (resp. Lorentzian) metric g on M2. In the present paper
we study timelike surfaces, so at each point p ∈ M2 we have the following
decomposition

R
4
1 = TpM2 ⊕ NpM2

with the property that the restriction of the metric onto the tangent space
TpM2 is of signature (1, 1), and the restriction of the metric onto the normal
space NpM2 is of signature (1, 1).

The Levi Civita connections on R
4
1 and M2 will be denoted by ∇̃ and ∇,

respectively. Thus, for any tangent vector fields x and y and any normal vector
field ξ we can write the following Gauss and Weingarten formulas:

∇̃xy = ∇xy + σ(x, y);
∇̃xξ = −Aξx + Dxξ,

where σ is the second fundamental tensor, D is the normal connection, and Aξ

is the shape operator with respect to ξ. In general, Aξ is not diagonalizable.

The mean curvature vector field H of M2 is defined as

H =
1
2

tr σ.

A surface is called minimal if its mean curvature vector vanishes identically,
i.e. H = 0. A normal vector field ξ on a surface M2 is called parallel in the
normal bundle (or simply parallel) if Dξ = 0 [11]. A surface M2 is said to have

Content courtesy of Springer Nature, terms of use apply. Rights reserved.



   34 Page 4 of 23 V. Bencheva and V. Milousheva J. Geom.

parallel mean curvature vector field if its mean curvature vector H is parallel,
i.e. DH = 0.

Surfaces for which the mean curvature vector field H is non-zero, i.e. 〈H,H〉 �=
0, and the unit vector field in the direction of H is parallel in the normal bundle,
are called surfaces with parallel normalized mean curvature vector field [10]. It
can easily be seen that if M is a surface with non-zero parallel mean curvature
vector field H (i.e. DH = 0), then M is a surface with parallel normalized
mean curvature vector field, but the converse is not true in general. It is true
only in the case ‖H‖ = const. In [10], it is proved that every analytic surface
with parallel normalized mean curvature vector in the Euclidean m-space R

m

must either lie in a 4-dimensional space R
4 or in a hypersphere of R

m as a
minimal surface.

Complete classification of biconservative surfaces with parallel normalized mean
curvature vector field in R

4 is given in [26] and biconservative m-dimensional
submanifolds with parallel normalized mean curvature vector field in R

n+2 are
studied in [25]. Spacelike submanifolds with parallel normalized mean curva-
ture vector field in a general de Sitter space are studied in [27]. For timelike
surfaces in the Minkowski 4-space E

4
1 or the pseudo-Euclidean 4-space with

neutral metric E
4
2 there are very few results on surfaces with parallel nor-

malized mean curvature vector field, but non-parallel mean curvature vector
field.

In [6], we studied timelike surfaces free of minimal points in the Minkowski
4-space R

4
1 and for each such surface we introduced a pseudo-orthonormal

frame field {x, y, n1, n2}, which is geometrically determined by the two lightlike
directions in the tangent space of the surface and the mean curvature vector
field. This pseudo-orthonormal frame field is called a geometric frame field
of the surface. Writing the derivative formulas with respect to the geometric
frame field and using the integrability conditions, we obtained a system of
six functions satisfying some differential equations and proved a Fundamental
Bonnet-type theorem stating that, in the general case, these six functions
determine the surface up to a motion in R

4
1. Bellow, we present briefly the

construction.

In [18], it is shown that for each timelike surface M2 in R
4
1 locally there exists a

coordinate system (u, v) such that the metric tensor g of M2 has the following
form:

g = −f2(u, v)(du ⊗ dv + dv ⊗ du),

f(u, v) being a positive function. We suppose that z = z(u, v), (u, v) ∈ D, D ⊂
R

2, is such a local parametrization on M2. Let us denote zu = ∂z
∂u , zv = ∂z

∂v .
Then, the coefficients of the first fundamental form are

E = 〈zu, zu〉 = 0; F = 〈zu, zv〉 = −f2(u, v); G = 〈zv, zv〉 = 0.

Since both zu and zv are lightlike (isotropic), i.e. 〈zu, zu〉 = 0 and 〈zv, zv〉 = 0,
the parameters (u, v) are called isotropic parameters of the surface.
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We consider the following pseudo-orthonormal tangent frame field of M2: x =
zu

f
, y =

zv

f
. Obviously, 〈x, x〉 = 0, 〈x, y〉 = −1, 〈y, y〉 = 0, and hence, the

mean curvature vector field H is expressed as:

H = −σ(x, y).

For surfaces free of minimal points, i.e. H �= 0 at all points, we can choose a
unit normal vector field n1 such that H = νn1 for a smooth function ν = ||H||
and a unit normal vector field n2 such that {n1, n2} is an orthonormal frame
field of the normal bundle (n2 is determined up to orientation). Then, for the
second fundamental tensor σ we have the following formulas :

σ(x, x) = λ1n1 + μ1n2;
σ(x, y) = −νn1;
σ(y, y) = λ2n1 + μ2n2,

where λ1, μ1, λ2, μ2 are smooth functions defined by:

λ1 = 〈∇̃xx, n1〉; μ1 = 〈∇̃xx, n2〉; λ2 = 〈∇̃yy, n1〉; μ2 = 〈∇̃yy, n2〉.
Keeping in mind that x =

zu

f
, y =

zv

f
and denoting γ1 = fu

f2 = x(ln f),

γ2 = fv

f2 = y(ln f), we obtain the following derivative formulas:

∇̃xx = γ1x + λ1n1 + μ1n2; ∇̃xn1 = −νx + λ1y + β1n2;
∇̃xy = −γ1y − νn1; ∇̃yn1 = λ2x − νy + β2n2;
∇̃yx = −γ2x − νn1; ∇̃xn2 = +μ1y − β1n1;
∇̃yy = γ2y + λ2n1 + μ2n2; ∇̃yn2 = μ2x − β2n1,

(2.1)
where β1 = 〈∇̃xn1, n2〉 and β2 = 〈∇̃yn1, n2〉.
Formulas (2.1) are the derivative formulas of the surface with respect to the
geometric frame field {x, y, n1, n2}. The functions γ1, γ2, ν, λ1, μ1, λ2, μ2, β1,
β2 are called geometric functions of the surface since they are determined by
the geometric frame field. In the general case μ1μ2 �= 0, the functions f , ν, λ1,
μ1, λ2, μ2 determine the surface up to a motion in R

4
1 ([6], Theorem 3.2).

The geometric meaning of the functions β1 and β2 is connected with the class
of surfaces with parallel mean curvature vector field. More precisely, in [5], we
proved that:

• M2 has parallel mean curvature vector field if and only if β1 = β2 = 0
and ν = const.

• M2 has parallel normalized mean curvature vector field if and only if
β1 = β2 = 0 and ν �= const.

In [5] we showed that by introducing special so-called canonical isotropic pa-
rameters on each surface with parallel normalized mean curvature vector field,
we reduce up to three the number of functions determining this class of sur-
faces. To be precise, we proved that the timelike surfaces with parallel normal-
ized mean curvature vector field in R

4
1 for which K−H2 > 0 (resp. K−H2 < 0)
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are determined up to a rigid motion in R
4
1 by three functions λ(u, v), μ(u, v),

and ν(u, v), μ �= 0, ν �= const, satisfying the following system of partial differ-
ential equations:

νu + λv = λ(ln |μ|)v;
λu − ενv = λ(ln |μ|)u;
|μ| (ln |μ|)uv = −ν2 − ε(λ2 + μ2),

(2.2)

where ε = 1 in the case K − H2 > 0 (resp. ε = −1 in the case K − H2 < 0).

The surfaces characterized by K −H2 = 0 are determined up to a rigid motion
by three functions λ(u, v), μ(u, v), and ν(u) satisfying [5]:

νu + λv = λ(ln |μ|)v;
|μ|(ln |μ|)uv = −ν2.

(2.3)

The above systems (2.2) and (2.3) are the background systems of natural
partial differential equations describing the timelike surfaces with parallel nor-
malized mean curvature vector field in R

4
1. Examples of solutions to these

background systems of PDEs can be found considering the class of the so-
called meridian surfaces in the Minkowski 4-space.

In the next section, we give the construction of timelike meridian surfaces of
elliptic type in R

4
1.

3. Timelike meridian surfaces of elliptic type

In the Minkowski 4-space R
4
1 there are three types of rotational hypersurfaces:

rotational hypersurfaces with timelike, spacelike, or lightlike axis. Depending
on the type of the spheres in R

3
1 ⊂ R

4
1 and R

3 ⊂ R
4
1 and the casual character

of the spherical curves, we distinguish different types of timelike and space-
like meridian surfaces in R

4
1. In this paper we will construct timelike meridian

surfaces of elliptic type which are one-parameter systems of meridians of a
rotational hypersurface with timelike axis. Timelike meridian surfaces of hy-
perbolic and parabolic type will be studied separately.

Let Oe1e2e3e4 be the standard orthonormal frame in R
4
1, i.e. 〈e1, e1〉 = 〈e2, e2〉 =

〈e3, e3〉 = 1, 〈e4, e4〉 = −1. We consider a rotational hypersurface with time-
like axis Oe4, which is obtained as follows. Consider the sphere S

2(1) ={
V ∈ R

3 : 〈V, V 〉 = 1
}

in the Euclidean 3-space R
3 = span {e1, e2, e3} centered

at the origin. It is parametrized by

l(w1, w2) = cos w1 cos w2 e1 + cos w1 sin w2 e2 + sinw1 e3.

Let f = f(u), g = g(u) be smooth functions, defined in an interval I ⊂ R,
such that ḟ2(u)− ġ2(u) �= 0, f(u) > 0, u ∈ I. The rotational hypersurface M3

in R
4
1, obtained by the rotation of the meridian curve m : u → (f(u), g(u))

about the Oe4-axis, has the following parametrization:

M3 : Z(u, w1, w2) = f(u)
(
cosw1 cosw2e1 + cosw1 sinw2e2 + sinw1e3

)
+ g(u)e4.

Content courtesy of Springer Nature, terms of use apply. Rights reserved.



Timelike Meridian surfaces... Page 7 of 23    34 

Let w1 = w1(v), w2 = w2(v), v ∈ J, J ⊂ R. We consider the two-dimensional
surface Mm lying on M3, which is parametrized as follows:

Mm : z(u, v) = Z(u,w1(v), w2(v)), u ∈ I, v ∈ J.

Obviously, Mm is a one-parameter system of meridians of the rotational hy-
persurface M3. For this reason, we call Mm a meridian surface of elliptic
type.

Note that c : l = l(v) = l(w1(v), w2(v)) is a smooth curve lying on the two
dimensional sphere S2(1). The parametrization of the meridian surface Mm

can be written as follows:

Mm : z(u, v) = f(u) l(v) + g(u) e4, u ∈ I, v ∈ J. (3.1)

Spacelike meridian surfaces of elliptic type in the Minkowski 4-space were de-
fined in [13] where a local classification of marginally trapped meridian surfaces
was given. Spacelike meridian surfaces in R

4
1 with pointwise 1-type Gauss map

were classified in [4]. The classification of spacelike meridian surfaces of ellip-
tic or hyperbolic type with constant Gauss curvature or with constant mean
curvature was given in [15].

In this paper we will study the timelike case of meridian surfaces of elliptic
type.

For convenience, when differentiating with respect to the parameter u we use

the notation ḟ(u) =
∂f

∂u
and when differentiating with respect to the parameter

v we use l′(v) =
∂l

∂v
.

Since we are interested in timelike surfaces, we consider the case ḟ2(u)−ġ2(u) <

0, u ∈ I. Without loss of generality we may assume that ḟ(u)2 − ġ(u)2 = −1.
Hence, it follows that ḟ f̈ − ġg̈ = 0. The curvature κm of the meridian curve
m is given by κm = ḟ g̈ − ġf̈ .

Without loss of generality we assume that the curve c : l = l(v) lying on the
sphere S2(1) is parametrized by the arc-length, i.e. for l(v) we have:

〈l(v), l(v)〉 = 1, 〈l′(v), l′(v)〉 = 1.

The Frenet formulas for the curve c on S2(1) are given bellow:

l′ = t;
t′ = κn − l;
n′ = −κt,

where κ = κ(v) is the spherical curvature of c, i.e. κ(v) = 〈t′(v), n(v)〉, and
{l(v), t(v), n(v)} is an orthonormal frame field in R

3 = span{e1, e2, e3}.

Then, the tangent vector fields zu and zv of Mm are expressed as follows:

zu = ḟ(u)l(v) + ġ(u)e4;
zv = f(u)t(v).
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Calculating the coefficients of first fundamental form of Mm we get:

E = 〈zu, zu〉 = ḟ(u)2 − ġ(u)2 = −1;
F = 〈zu, zv〉 = 0;
G = 〈zv, zv〉 = f2(u).

Hence, EG − F 2 = −f2(u). We consider the following orthonormal tangent
frame field:

X = zu;
Y =

zv

f
= t. (3.2)

Therefore, 〈X,X〉 = −1, 〈X,Y 〉 = 0, 〈Y, Y 〉 = 1. We consider the following
orthonormal frame field of the normal space:

N1 = n(v);
N2 = ġ(u)l(v) + ḟ(u)e4.

(3.3)

Obviously, 〈N1, N1〉 = 1, 〈N1, N2〉 = 0, 〈N2, N2〉 = 1. Calculating the second
derivatives of the vector function z(u, v) we obtain:

zuu = f̈ l + g̈e4;
zuv = ḟ l′(v) = ḟ t;
zvv = ft′ = fκn − fl,

(3.4)

which imply that

〈zuu, N1〉 = 0; 〈zuu, N2〉 = −κm;
〈zuv, N1〉 = 0; 〈zuv, N2〉 = 0;
〈zvv, N1〉 = fκ; 〈zvv, N2〉 = −fġ.

Using that X = zu, Y =
zv

f
and formulas (3.4), we obtain the following

derivative formulas for the frame field {X,Y,N1, N2}:

∇̃XX = f̈ l + g̈e4;
∇̃XY = 0;

∇̃Y X =
ḟ

f
t;

∇̃Y Y =
κ

f
n − 1

f
l;

∇̃XN1 = 0;
∇̃Y N1 = −κ

f
t;

∇̃XN2 = g̈l + f̈ e4;

∇̃Y N2 =
ġ

f
t.

Now, having in mind (3.2) and (3.3), the formulas above imply:

∇̃XX = −κmn2; ∇̃XN1 = 0;
∇̃XY = 0; ∇̃Y N1 = −κ

f
y;

∇̃Y X =
ḟ

f
y; ∇̃XN2 = −κmx;

∇̃Y Y =
ḟ

f
x +

κ

f
n1 − ġ

f
n2; ∇̃Y N2 =

ġ

f
y.

(3.5)

Equations (3.5) are the derivative formulas of the surface with respect to the
parameters (u, v). From these formulas we can calculate the Gauss curvature
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K, the curvature of the normal connection K⊥, and the mean curvature vector
field H of the meridian surface Mm.

The Gauss curvature K is defined by the following formula:

K =
〈σ(X,X), σ(Y, Y )〉 − 〈σ(X,Y ), σ(X,Y )〉

〈X,X〉〈Y, Y 〉 − 〈X,Y 〉2 .

Hence, using (3.5), we get that the Gauss curvature of Mm is expressed as
follows:

K =
f̈(u)
f(u)

. (3.6)

The above formula shows that the Gauss curvature depends only on the pa-
rameter u since it is expressed in terms of the function f(u) determining the
meridian curve m.

The curvature of the normal connection (also called normal curvature) is de-
fined by:

K⊥ =
〈RD(X,Y )N1, N2〉

〈X,X〉〈Y, Y 〉 − 〈X,Y 〉2 ,

where
RD(X,Y )N = DXDY N − DY DXN − D[X,Y ]N.

Hence, by use of (3.5), we get that the curvature of the normal connection of
the meridian surface Mm is:

K⊥ = 0.

The above formula implies the next statement.

Proposition 3.1. Each timelike meridian surface Mm of elliptic type, defined
by (3.1), is a surface with flat normal connection.

Using (3.5) we find that the normal mean curvature vector field H depends
on both parameters u and v and is given by the formula:

H =
κ(v)
2f(u)

n1 − 1 + ḟ2(u) + f(u)f̈(u)

2f(u)
√

ḟ2(u) + 1
n2. (3.7)

4. Timelike meridian surfaces of elliptic type with constant
Gauss curvature

In this section we describe all timelike meridian surfaces of elliptic type in R
4
1

with constant Gauss curvature. First we consider the case when the Gauss
curvature is zero, i.e. the surface is flat.

The flat timelike meridian surfaces of elliptic type are characterized in the
following theorem.
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Theorem 4.1. Let Mm be a timelike meridian surface of elliptic type, defined
by (3.1). Then, Mm is a flat surface if and only if the meridian curve m is
given by:

f(u) = a u + b; a = const, b = const;
g(u) = ±√

a2 + 1 u + c; c = const.

Proof. If Mm is a timelike meridian surface, defined by (3.1), the Gauss cur-
vature is expressed by formula (3.6). Hence, K = 0 if and only if f̈(u) = 0.
The last equality implies that the function f(u) is given by

f(u) = a u + b (4.1)

for some constants a and b. Using that the function g(u) is determined by

ġ(u) = ±
√

ḟ2(u) + 1, from (4.1) we obtain

g(u) = ±
√

a2 + 1 u + c,

where c = const. �

In the next theorem we describe all timelike meridian surfaces of elliptic type
with constant non-zero Gauss curvature.

Theorem 4.2. Let Mm be a timelike meridian surface of elliptic type, defined
by (3.1). Then, Mm has constant non-zero Gauss curvature K if and only if
the meridian curve m is given by:

f(u) = a1 cos
√−K u+ a2 sin

√−K u, if K < 0;

f(u) = a1 cosh
√
K u+ a2 sinh

√
K u, if K > 0,

where a1 and a2 are constants and the function g(u) is determined by ġ(u) =

±
√

ḟ2(u) + 1.

Proof. Let Mm be a timelike meridian surface, defined by (3.1). Using (3.6),
we get that the Gauss curvature K is constant if and only if the function f(u)
satisfies the following differential equation:

f̈(u) − Kf(u) = 0.

The general solution of the equation above is given by:

f(u) = a1 cos
√−K u + a2 sin

√−K u, in the case K < 0;
f(u) = a1 cosh

√
K u + a2 sinh

√
K u, in the case K > 0,

where a1 and a2 are constants. The function g(u) is determined by ġ(u) =

±
√

ḟ2(u) + 1. �
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5. Timelike meridian surfaces of elliptic type with constant
mean curvature

In this section we give a classification of timelike meridian surfaces of elliptic
type in R

4
1 with constant mean curvature vector field. First we consider the

minimal case, i.e. H = 0.

The classification of all minimal timelike meridian surfaces of elliptic type is
given in the next theorem.

Theorem 5.1. Let Mm be a timelike meridian surface of elliptic type, defined
by (3.1). Then, Mm is minimal if and only if the curve c on S2(1) has zero
spherical curvature and the meridian curve m is given by

f(u) = ±√−u2 + 2au + b;

g(u) = ±
√

a2 + b arcsin
u − a√
a2 + b

+ c,

where a = const, b = const, c = const.

Proof. Let Mm be a timelike meridian surface of elliptic type, defined by (3.1).
Then, the mean curvature vector field is expressed by formula (3.7), and hence
the surface is minimal if and only if the spherical curvature of c is κ = 0 and
the function f(u) satisfies the following equation

1 + ḟ2 + ff̈ = 0.

The solutions of this differential equation are expressed by the following for-
mula:

f(u) = ±
√

−u2 + 2au + b, a = const, b = const.

Using that ġ = ±
√

ḟ2 + 1, we get the following equation for g(u):

ġ = ±
√

a2 + b√−u2 + 2au + b
,

Integrating the above equation we obtain

g(u) = ±
√

a2 + b arcsin
u − a√
a2 + b

+ c, c = const.

�

Corollary 5.2. There are no minimal timelike meridian surfaces of elliptic type
in R

4
1 other than surfaces lying in a hyperplane of R

4
1.

Proof. In the case Mm is minimal, the spherical curvature of c is κ = 0.
Hence, from (3.5) it follows that ∇̃XN1 = 0, ∇̃Y N1 = 0, which means that
the normal vector field N1 is constant. So, the meridian surface Mm lies in the
constant 3-dimensional space R

3
1 = span{X,Y,N2}. Consequently, Mm lies in

a hyperplane of R
4
1. �
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For recent results on minimal timelike surfaces in the Minkowski 3-space one
can refer to [9,12,19,23].

In the next theorem we classify all timelike meridian surfaces with non-zero
constant mean curvature (CMC-surfaces).

Theorem 5.3. Let Mm be a timelike meridian surface of elliptic type, defined
by (3.1). Then, Mm has constant mean curvature vector field, i.e. ||H|| =
a = const, a �= 0, if and only if the curve c on S2(1) has constant spherical
curvature κ = const = b, b �= 0 and the meridian curve m is given by ḟ = ϕ(f),
where

ϕ(t) = ±
√

1

t2

(
c ± t

2

√
4a2t2 − b2 ∓ b2

4a
ln |2at +

√
4a2t2 − b2|

)2

− 1, c = const,

the function g(u) is defined by ġ = ±
√

ḟ2 + 1.

Proof. Let Mm be a timelike meridian surface of elliptic type, defined by
(3.1). Then, the mean curvature vector field H is given by formula (3.7), which
implies that ||H|| = const = a if and only if the following equality holds:

κ
2 =

4a2f2(ḟ2 + 1) − (1 + ḟ2 + ff̈)2

ḟ2 + 1
.

Using that the left-hand side of the above equality is a function of the param-
eter v and the right-hand side is a function of u, we conclude:

κ = const = b, b �= 0;

4a2f2(ḟ2 + 1) − (1 + ḟ2 + ff̈)2 = b2(ḟ2 + 1).
(5.1)

From the first equality of (5.1) it follows that the spherical curve c has constant
spherical curvature κ = b, i.e. c is a circle on S2(1). From the second equality
of (5.1) we get the following differential equation:

(1 + ḟ2 + ff̈)2 = (ḟ2 + 1)(4a2f2 − b2). (5.2)

Setting ḟ = ϕ(f) in equation (5.2), we get that the function ϕ = ϕ(t) is a
solution to the following differential equation:

1 + ϕ2 +
t

2
(ϕ2)′ = ±

√
ϕ2 + 1

√
4a2t2 − b2.

The general solution of the equation above is given by the formula:

ϕ(t) = ±
√

1
t2

(
c ± t

2

√
4a2t2 − b2 ∓ b2

4a
ln |2at +

√
4a2t2 − b2|

)2

− 1, (5.3)

where c = const. The function f is determined by ḟ = ϕ(f) and (5.3), and the

function g is defined by ġ = ±
√

ḟ2 + 1. �
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6. Timelike meridian surfaces of elliptic type with parallel mean
curvature vector field

Let Mm be a timelike meridian surface of elliptic type. Then its mean curva-
ture vector field H is expressed by (3.7). We consider the non-minimal case,
i.e. we assume that H �= 0. The mean curvature vector field H is parallel in
the normal bundle if and only if DXH = DY H = 0. Using (3.5) we calculate
DXH and DY H and obtain the following expressions:

DXH = − κḟ

2f2
n1 − ∂

∂u

⎛

⎝1 + ḟ2 + ff̈

2f

√
ḟ2 + 1

⎞

⎠ n2;

DY H =
κ

′

2f2
n1.

(6.1)

In the next theorem we describe all timelike meridian surfaces of elliptic type
with parallel mean curvature vector field.

Theorem 6.1. Let Mm be a timelike meridian surface of elliptic type, defined
by (3.1). Then, Mm has parallel mean curvature vector field, if and only if
one of the following cases holds:

(i) c has zero spherical curvature and the meridian m is determined by ḟ =
ϕ(f) where

ϕ(t) = ±1
t

√
(c + a t2)2 − t2, a = const �= 0, c = const,

g(u) is defined by ġ = ±
√

ḟ2 + 1. In this case, Mm is a non-flat CMC-surface
lying in a hyperplane of E

4
1.

(ii) c has non-zero constant spherical curvature and the meridian m is deter-
mined by f(u) = a, g(u) = ±u + b, where a = const �= 0, b = const. In this
case, Mm is a flat CMC-surface lying in a hyperplane of E

4
1.

Proof. Let Mm be a timelike meridian surfaces of elliptic type with paral-
lel mean curvature vector field. Having in mind formulas (6.1), we get the
following conditions

κ
′(v) = 0;

κḟ = 0;

ff̈ + ḟ2 + 1

2f

√
ḟ2 + 1

= const.

(6.2)

The first equality of (6.2) implies that the spherical curvature κ of the curve
c is constant. From the second equality of (6.2) we obtain that there are two
possible cases:

Case (i): κ = 0, which means that the curve c : l = l(v) is a great circle on
S2(1). Moreover, ∇̃XN1 = 0, ∇̃Y N1 = 0, which implies N1 = const. So, the
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surface Mm lies in the constant 3-dimensional space R
3
1 = span{X,Y,N2}.

From the third equality of (6.2) we get that the function f(u) is a solution to
the following differential equation:

ff̈ + ḟ2 + 1 = a 2f

√
ḟ2 + 1,

where a = const. Since we consider non-minimal surfaces, we assume that
a �= 0. To find the solutions of the above differential equation we set ḟ = ϕ(f)
and obtain that the function ϕ = ϕ(t) is a solution to the equation:

t

2
(ϕ2)′ + ϕ2 + 1 = 2at

√
ϕ2 + 1. (6.3)

Now, setting z(t) =
√

ϕ2(t) + 1, we transform equation (6.3) into the next
equation

z′(t) +
1
t

z(t) = 2a,

whose general solution is given by the formula z(t) = c+at2

t , c = const. Hence,
by calculations we obtain that the general solution of (6.3) is

ϕ(t) = ±1
t

√
(c + a t2)2 − t2.

In this case, the mean curvature vector field is H = −a N2, which implies that
〈H,H〉 = a2 = const, so Mm is a CMC-surface. It can be calculated that the
Gauss curvature in this case is expressed as K = a2t4−c2

t4 . Consequently, Mm

is a non-flat CMC-surface lying in a constant hyperplane of R
4
1.

Case (ii): κ �= 0, and hence, from the second equality of (6.2) we obtain that
f(u) = a, a = const �= 0. Using that ḟ2 − ġ2 = −1, we get g(u) = ±u + b,
b = const. We calculate that, in this case, the mean curvature vector field is
expressed as follows

H =
κ

2a
n1 − 1

2a
n2,

which implies that 〈H,H〉 = 1+κ
2

4a2 = const. Hence, the surface Mm has con-
stant mean curvature. Moreover, in this case we get K = 0, i.e. Mm is a flat
surface. We consider the normal vector fields

N̄1 =
1√

κ2 + 1
(N1 ± κ N2); N̄2 =

1√
κ2 + 1

(∓κ N1 + N2).

Using (3.5) we obtain ∇̃XN̄1 = ∇̃Y N̄1 = 0, which implies that Mm lies in the
constant 3-dimensional space R

3
1 = span{X,Y, N̄2}. Finally, we obtain that

the meridian surface Mm is a flat CMC-surface lying in a hyperplane of E
4
1.

Conversely, if one of the cases (i) or (ii) stated in the theorem holds true, then
by direct computations we get that DXH = DY H = 0, i.e. the surface has
parallel mean curvature vector field. �

Corollary 6.2. There are no timelike meridian surfaces of elliptic type with
parallel mean curvature vector field other than CMC-surfaces lying in a hyper-
plane of R

4
1.
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Timelike CMC-surfaces in R
3
1 have been studied intensively in the last years,

see for example [7,8,20].

7. Timelike meridian surfaces of elliptic type with parallel
normalized mean curvature vector field

In this section we will describe the class of timelike meridian surfaces of elliptic
type with parallel normalized mean curvature vector field, but non-parallel H.

Let Mm be a timelike meridian surface of elliptic type, defined by (3.1). We
assume that 〈H,H〉 �= 0 and H is not parallel. The normalized mean curvature
vector field is H0 = H√

〈H,H〉 . Using (3.7) we get that

H0 =
κ

√
ḟ2 + 1

√
κ2(ḟ2 + 1)2 + (ff̈ + ḟ2 + 1)2

N1 − ff̈ + ḟ2 + 1
√

κ2(ḟ2 + 1)2 + (ff̈ + ḟ2 + 1)2
N2.

(7.1)

The surface Mm has parallel normalized mean curvature vector field if and
only if DXH0 = DY H0 = 0. Using (3.5) and (7.1) we calculate DXH0 and
DY H0 and obtain the following formulas:

DXH0 =
∂

∂u

⎛

⎝
κ

√
ḟ2 + 1

√
κ2(ḟ2 + 1)2+(ff̈ + ḟ2 + 1)2

⎞

⎠N1 − ∂

∂u

⎛

⎝ ff̈ + ḟ2 + 1
√

κ2(ḟ2 + 1)2+(ff̈ + ḟ2 + 1)2

⎞

⎠N2;

DY H0 =
1

f

∂

∂v

⎛

⎝
κ

√
ḟ2 + 1

√
κ2(ḟ2 + 1)2+(ff̈ + ḟ2 + 1)2

⎞

⎠N1 − 1

f

∂

∂v

⎛

⎝ ff̈ + ḟ2 + 1
√

κ2(ḟ2 + 1)2+(ff̈ + ḟ2 + 1)2

⎞

⎠N2.

These formulas imply that Mm has parallel normalized mean curvature vector
field if and only if

κ

√
ḟ2 + 1

√
κ2(ḟ2 + 1)2+(ff̈ + ḟ2 + 1)2

= const = α;

ff̈ + ḟ2 + 1
√

κ2(ḟ2 + 1)2+(ff̈ + ḟ2 + 1)2
= const = β,

(7.2)

for some constants α and β.

Theorem 7.1. Let Mm be a timelike meridian surface of elliptic type, defined
by (3.1). Then, Mm has parallel normalized mean curvature vector field (but
non-parallel mean curvature vector), if and only if one of the following cases
holds:
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(i) κ �= 0 and the meridian m is defined by

f(u) = ±
√

−u2 + 2au + b, g(u) = ±
√

a2 + b arcsin
u − a√
a2 + b

+ c,

where a = const, b = const, c = const.

(ii) the curve c has non-zero constant spherical curvature and the meridian m

is determined by ḟ = ϕ(f) where

ϕ(t) = ±1
t

√
(ct + a)2 − t2, a = const, c = const �= 0, c2 �= κ

2,

g(u) is defined by ġ = ±
√

ḟ2 + 1.

Proof. Let Mm be a timelike meridian surface of elliptic type with parallel
normalized mean curvature vector field, i.e. DXH0 = DY H0 = 0. Then, equal-
ities (7.2) hold true. We will consider the following cases.

Case (i): ff̈ + ḟ2+1 = 0. In this case, from (7.1) it follows that the normalized
mean curvature vector field is H0 = n1 and the mean curvature vector field is
H = κ

2f n1. Since we are interested in surfaces satisfying 〈H,H〉 �= 0, we get
that κ �= 0. The general solution of the differential equation ff̈ + ḟ2 + 1 = 0
is

f(u) = ±
√

−u2 + 2au + b,

where a = const, b = const. Having in mind that ġ = ±
√

ḟ2 + 1, after inte-
gration we obtain the following expression for g(u):

g(u) = ±
√

a2 + b arcsin
u − a√
a2 + b

+ c, c = const.

Case (ii): ff̈ + ḟ2 + 1 �= 0 in a sub-interval I0 ⊂ I ⊂ R. In this case, equalities
(7.2) imply

β

α
κ =

ff̈ + ḟ2 + 1
√

ḟ2 + 1
, α �= 0, β �= 0. (7.3)

The left-hand side of (7.3) is a function of the parameter v, while the right-
hand side of (7.3) is a function of the parameter u. Hence, we obtain that

ff̈ + ḟ2 + 1
√

ḟ2 + 1
= c, c = const �= 0;

κ =
α

β
c = const.

Now, the length of the mean curvature vector field is 〈H,H〉 = κ
2+c2

4f2 �= 0. In
this case, the meridian m is determined by the following differential equation:

ff̈ + ḟ2 + 1 = c

√
ḟ2 + 1. (7.4)
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To find the solutions we set ḟ = ϕ(f) in equation (7.4) and obtain that the
function ϕ = ϕ(t) satisfies

t

2
(ϕ2)′ + ϕ2 + 1 = c

√
ϕ2 + 1. (7.5)

Setting z(t) =
√

ϕ2(t) + 1, we obtain the equation

z′ +
1
t

z =
c

t
,

whose solution is given by the formula z(t) = ct+a
t , a = const. Consequently,

the general solution of (7.5) is given by the formula

ϕ(t) = ±1
t

√
(ct + a)2 − t2.

Conversely, if one of the cases (i) or (ii) in the theorem holds true, then by
direct computation one can obtain that DXH0 = DY H0 = 0, which means
that the surface has parallel normalized mean curvature vector field. Moreover,
in case (i) we calculate that

DXH = − κḟ

2f2
N1; DY H =

κ
′

2f2
N1,

and in case (ii) we get

DXH = − κḟ

2f2
N1 − cḟ

2f2
N2; DY H = 0,

which imply that in both cases H is not parallel in the normal bundle, since
κ �= 0, ḟ �= 0. �

We will use the result in Theorem 7.1 to find explicit solutions to the system
of PDEs (2.2).

8. Examples

In this section we will give examples of solutions to the background systems
of natural partial differential equations describing the timelike surfaces with
parallel normalized mean curvature vector field in R

4
1.

To apply the theory of timelike surfaces in the Minkowski 4-space R
4
1 developed

in [5] and [6] to the class of meridian surfaces of elliptic type, we need to find
the geometric isotropic frame field {x, y, n1, n2} introduced in the Preliminaries
and the isotropic parametrization.

Let us consider a timelike meridian surface Mm determined by a spherical
curve c with curvature κ �= 0 and meridian curve m : u → (f(u), g(u)). To
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introduce isotropic parameters on the surface we consider the following change
of the parametrization:

∣
∣
∣
∣
∣
∣
∣

ū =
1√
2

∫
1

f(u)
du +

v√
2

v̄ =
1√
2

∫
1

f(u)
du − v√

2
Then, the derivatives zū, zv̄ with respect to the new parameters ū, v̄ are:

zū =
f√
2
zu +

1√
2
zv;

zv̄ =
f√
2
zu − 1√

2
zv,

and hence, the coefficients of the first fundamental form in terms of the new
parameters are:

Ē = 〈zū, zū〉 = 0;
F̄ = 〈zū, zv̄〉 = −f2(ū, v̄);
Ḡ = 〈zv̄, zv̄〉 = 0,

which show that (ū, v̄) are isotropic parameters of the surface. We will intro-
duce the geometric frame field in the sense of [6] and will find the geometric
functions of the meridian surface when Mm has parallel normalized mean
curvature vector field (but non-parallel mean curvature vector).

The isotropic frame field of the tangent space is determined by:

x =
zū

f
=

X + Y√
2

;

y =
zv̄

f
=

X − Y√
2

.

Obviously, 〈x, x〉 = 0, 〈x, y〉 = −1, 〈y, y〉 = 0. We consider the normal vector
fields n1 and n2, defined by:

n1 =
κ

√
ḟ2 + 1

√
κ2(ḟ2 + 1) + (1 + ḟ2 + ff̈)2

N1 − 1 + ḟ2 + ff̈
√

κ2(ḟ2 + 1) + (1 + ḟ2 + ff̈)2
N2,

n2 =
1 + ḟ2 + ff̈

√
κ2(ḟ2 + 1) + (1 + ḟ2 + ff̈)2

N1 +
κ

√
ḟ2 + 1

√
κ2(ḟ2 + 1) + (1 + ḟ2 + ff̈)2

N2.

Then, the frame field {x, y, n1, n2} is the geometric frame field of Mm in the
sense of [6], since x and y are parallel to the lightlike directions in the tangent
space of the surface and n1 is parallel to the mean curvature vector field H.

Now, we will consider meridian surfaces with parallel normalized mean cur-
vature vector field (but non-parallel mean curvature vector). According to
Theorem 7.1 we have two cases: (i) and (ii).

In the first case, m is defined by:

f(u) = ±
√

−u2 + 2au + b, g(u) = ±
√

a2 + b arcsin
u − a√
a2 + b

+ c,
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where a = const, b = const, c = const. In this case, by long but standard
calculations using the geometric frame field, formulas (3.5) and (2.1), we obtain
that the geometric functions of the surface are expressed as follows:

γ1 = −γ2 =
u − a√

2(−u2 + 2au + b)
;

ν = λ1 = λ2 = ± κ

2
√−u2 + 2au + b

;

μ1 = μ2 =
−√

a2 + b

−u2 + 2au + b
;

β1 = β2 = 0.

In the second case, using that ff̈ + ḟ2+1 = c

√
ḟ2 + 1, we obtain the following

expressions for the geometric functions of the surface:

γ1 = −γ2 = − ḟ√
2f

;

ν =
√

κ2 + c2

2f
;

λ1 = λ2 =
κ

2 − c2 + 2c

√
ḟ2 + 1

2f
√

κ2 + c2
;

μ1 = μ2 =
κ

(
c −

√
ḟ2 + 1

)

f
√

κ2 + c2
;

β1 = β2 = 0.

(8.1)

Note that, in formulas (8.1), κ is a non-zero constant and f is a function
determined by ḟ = ϕ(f), where ϕ(t) = ± 1

t

√
(ct + a)2 − t2, a = const, c =

const �= 0, c2 �= κ
2.

The geometric functions in the two cases considered above give solutions to
the system of PDEs (2.2). Indeed, let κ(v) be an arbitrary non-zero function
and consider the functions

λ(u, v) =
κ

2
√−u2 + 2au + b

;

μ(u, v) =
−√

a2 + b

−u2 + 2au + b
;

ν(u, v) =
κ

2
√−u2 + 2au + b

.

(8.2)

Changing the parameters (u, v) with

ū =
1√
2

arcsin
u − a√
a2 + b

+
v√
2
;

v̄ =
1√
2

arcsin
u − a√
a2 + b

− v√
2
,

we obtain functions λ(u(ū, v̄), v(ū, v̄)), μ(u(ū, v̄), v(ū, v̄)), ν(u(ū, v̄), v(ū, v̄)),
defined by (8.2), which give a solution to the background system of partial
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differential equations

νū + λv̄ = λ(ln |μ|)v̄;

λū + νv̄ = λ(ln |μ|)ū;

|μ| (ln |μ|)ūv̄ = λ2 + μ2 − ν2.

(8.3)

This is system (2.2) in the case ε = −1, since it can easily be checked that in
case (i) the meridian surface Mm satisfies K − H2 < 0.

Although we obtained this solution to (8.3) in a geometric way (using geometric
construction), one can check also by direct computations that the functions
λ(u(ū, v̄), v(ū, v̄)), μ(u(ū, v̄), v(ū, v̄)), ν(u(ū, v̄), v(ū, v̄)), defined by (8.2) satisfy
the equations in system (8.3).

So, studying the class of timelike meridian surfaces of elliptic type, we find a
whole family of solutions to the background system of PDEs describing the
timelike surfaces with parallel normalized mean curvature vector field in R

4
1.

Given an arbitrary non-zero function κ(v) and arbitrary constants a, b, c, by
(8.2) we obtain a solution to system (8.3).

Example 1. Let a = 1, b = 3 and consider the functions

λ(u, v) =
κ(v)

2
√−u2 + 2u + 3

;

μ(u, v) =
2

u2 − 2u − 3
;

ν(u, v) =
κ(v)

2
√−u2 + 2u + 3

,

(8.4)

where u ∈ (−1; 3) and κ(v) �= 0 is an arbitrary function. By direct computa-
tions it can be checked that changing the parameters (u, v) with

ū =
1√
2

arcsin
u − 1

2
+

v√
2
;

v̄ =
1√
2

arcsin
u − 1

2
− v√

2
,

functions (8.4) satisfy system (8.3).

Example 2. Let a = 5, b = 0. Now, we consider the functions

λ(u, v) =
κ(v)

2
√

u(10 − u)
;

μ(u, v) =
5

u(u − 10)
;

ν(u, v) =
κ(v)

2
√

u(10 − u)
,

(8.5)
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where u ∈ (0; 10) and κ(v) �= 0 is an arbitrary function. Changing the param-
eters (u, v) with

ū =
1√
2

arcsin
u − 5

5
+

v√
2
;

v̄ =
1√
2

arcsin
u − 5

5
− v√

2
,

we get that the functions λ(u(ū, v̄), v(ū, v̄)), μ(u(ū, v̄), v(ū, v̄)), ν(u(ū, v̄),
v(ū, v̄)), defined by (8.5) give a solution to system (8.3).

Solutions to the system of PDEs describing the timelike surfaces with par-
allel normalized mean curvature vector field in R

4
1 can be found also in the

class of timelike meridian surfaces of hyperbolic or parabolic type. They are
constructed as one-parameter systems of meridians of a rotational hypersur-
face with spacelike or lightlike axis. These classes of timelike surfaces will be
studied in a separate paper due to the long calculations involved.
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