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Abstract. We study general rotational surfaces in the pseudo-Euclidean
4-dimensional space with neutral metric and describe the behavior of
geometric objects, such as Killing vector fields (and in particular homo-
thetic vector fields), divergence-free vector fields, co-closed and harmonic
one-forms, and also harmonic functions. We classify geodesic and paral-
lel vector fields, geodesic curves, concircular vector fields and concircular
functions, and also concurrent vector fields and functions whose gradient
is concurrent. Our results are new, as they have not been obtained in the
Euclidean and Minkowski framework. The tools here are taken from both
differential geometry and partial and ordinary differential equations.
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1. Introduction

Rotational surfaces are a widely studied subject, being central to many fields of
mathematics, physics, engineering, and architecture. An overview of this topic
could be found in [1]. In our study we focus on general rotational surfaces
in the pseudo-Euclidean 4-dimensional space with neutral metric. Historically,
the study of these rotational surfaces was initiated at the beginning of the 20th
century, in the context of 4-dimensional Euclidean spaces by C. Moore [2,3]. A
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special case of such surfaces was described in depth in a number of papers by
the second author, as well as by U. Dursun and N.-C. Turgay [4]. Also, in the
isotropic 4-space [5], a similar study could be carried out. These surfaces can
also be studied in the context of Lorentz metrics and curvature homogeneity
[6], or as real submanifolds in complex space forms (such as complex Euclidean
space, complex projective space, or complex hyperbolic space). A detailed
study of real submanifolds in complex space forms (specifically Euclidean and
projective spaces) is presented in [7]. Due to the importance of the rotational
surfaces in the theory of relativity, it was natural that they should be studied
in the Minkowski space, and this was done by G. Ganchev and the second
author [8].

A metric in the case of four-dimensional manifolds that is neither Rie-
mannian nor Lorentz must be of neutral signature (see [9,10], for example).
General rotational surfaces in pseudo-Euclidean spaces of neutral signature
were studied by F. Aksoyak, Y. Yayli [11], as well as by Y. Aleksieva and the
second author [12].

The aim of this study is to describe new interesting features of general ro-
tational surfaces in pseudo-Euclidean spaces of neutral signature. The content
of our paper is as follows: after some preliminaries provided in Sect. 2, we estab-
lish in Sect. 3 some necessary and sufficient conditions for a general rotational
surface to be immersed in the pseudo-Euclidean space of neutral signature, and
then we characterize it when it is spacelike, timelike, and lightlike. Sect. 4 is
dedicated to the study of general rotational surfaces with orthogonal paramet-
ric lines. Here we provide necessary and sufficient conditions under which such
a surface is parametrized by isothermal coordinates. Our main results are in-
cluded in Sects. 5–8. Killing vector fields (and in particular homothetic vector
fields) on both general rotational surfaces and standard rotational surfaces are
described in Sects. 5 and 6, respectively. Next, in Sect. 7, on both general and
standard rotational surfaces, we classify divergence-free vector fields, co-closed
and harmonic one-forms, and also harmonic functions. Harmonicity, being an
area of interest in both analysis and differential geometry, is also included in
our study. In Sect. 8, we classify geodesic and parallel vector fields, geodesic
curves, concircular vector fields and concircular functions, and also concurrent
vector fields and functions whose gradient is concurrent. Our results explain
the behavior of geometric objects on general rotational surfaces, immersed in
the remaining case, namely pseudo-Euclidean 4-dimensional space of neutral
signature. These type of results are new as they have not been obtained in the
other two cases, namely Euclidean and Minkowski 4-spaces. The tools here
are taken from both differential geometry and partial and ordinary differential
equations. Four-dimensional manifolds play a special role in mathematics, but
some results obtained here could be extended to general rotational surfaces in
higher dimensions.
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2. Preliminaries

As usual, (E4
2, 〈, 〉) denotes the pseudo-Euclidean 4-space of signature

(+,+,−,−) endowed with the canonical pseudo-Euclidean neutral metric
given in a rectangular coordinate system (x1, x2, x3, x4) by

〈, 〉 = dx2
1 + dx2

2 − dx2
3 − dx2

4.

A vector v ∈ E
4
2 can have one of the following three casual characters: spacelike,

if 〈v, v〉 > 0 or v = 0, timelike if 〈v, v〉 < 0, and lightlike if 〈v, v〉 = 0 and v �= 0.
This terminology is inspired by general relativity and the Minkowski 4-space
E

4
1.

A surface M in E
4
2 is called spacelike (resp. timelike or Lorentz ) if 〈, 〉

induces a Riemannian (resp. Lorentzian) metric on M. Thus, the orthogonal
decomposition into tangent and normal space

E
4
2 = TpM ⊕ NpM

holds at each point p ∈ M and the metric 〈, 〉 restricted onto the tangent space
TpM is of signature (2, 0) (resp. (1, 1)).

If we denote by ∇ and ˜∇ the Levi Civita connections of M and E
4
2,

respectively, then for any vector fields X, Y tangent to M and a vector field
ξ normal to M, the formulas of Gauss and Weingarten are given respectively
by:

˜∇XY = ∇XY + σ(X,Y );

˜∇Xξ = −AξX + DXξ,

where σ denotes the second fundamental form, D is the normal connection,
and Aξ is the shape operator with respect to ξ. In the non-Riemannian case,
the operator Aξ may not be diagonalizable.

The mean curvature vector field H of M in E
4
2 is defined as H =

1
2

tr σ. A
surface M is called minimal if its mean curvature vector vanishes identically,
i.e. H = 0. A surface is called quasi-minimal (or pseudo-minimal) if its mean
curvature vector is lightlike at each point, i.e. H �= 0 and 〈H,H〉 = 0 [13].

3. Some Aspects on the General Rotational Surfaces

General rotational surfaces in the Euclidean 4-space E
4 were introduced by F.

N. Cole [14] and later studied by C. Moore [2] as follows. Let

μ(s) = (x(s), y(s), z(s), w(s)) ; s ∈ J ⊂ R (3.1)

be a smooth curve in R
4, and a, b be real constants. A general rotational

surface M, generated by a rotation of the meridian curve μ(s), is immersed in
E

4 by
M : Z(s, t) =

(

Z1(s, t), Z2(s, t), Z3(s, t), Z4(s, t)
)

,
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where

Z1(s, t) = x(s) cos at − y(s) sin at; Z3(s, t) = z(s) cos bt − w(s) sin bt;

Z2(s, t) = x(s) sin at + y(s) cos at; Z4(s, t) = z(s) sin bt + w(s) cos bt,

t ∈ (0, 2π). The constants a, b determine the rates of rotation. Obviously, in
the case b = 0, y(s) = 0, s ∈ J one gets the classical rotation about a fixed two-
dimensional axis. In [3], C. Moore described a special case of general rotational
surfaces with constant Gauss curvature.

In [15], the second author studied general rotational surfaces whose
meridians lie in two-dimensional planes and completely classified all minimal
super-conformal general rotational surfaces. The minimal non-super-conformal
general rotational surfaces with plane meridian curves were described by U.
Dursun and N.C. Turgay in [16]. General rotational surfaces with plane merid-
ian curves and pointwise 1-type Gauss map were studied in [4].

Similarly to the general rotations in E
4, one can consider general rota-

tional surfaces in the Minkowski 4-space E
4
1 as follows. Let (3.1) be a smooth

spacelike or timelike curve in E
4
1, and a, b be real constants. Consider the

surface immersed in E
4
1 by

M : Z(s, t) =
(

Z1(s, t), Z2(s, t), Z3(s, t), Z4(s, t)
)

,

where

Z1(s, t) = x(s) cos at − y(s) sin at; Z3(s, t) = z(s) cosh bt + w(s) sinh bt;

Z2(s, t) = x(s) sin at + y(s) cos at; Z4(s, t) = z(s) sinh bt + w(s) cosh bt.

(3.2)
In the case b = 0 and either y(s) = 0, s ∈ J or x(s) = 0, s ∈ J , one gets

the standard rotational surface of elliptic type in E
4
1. A local classification of

spacelike rotational surfaces of elliptic type, whose mean curvature vector field
is either vanishing or lightlike, was obtained in [17].

In the case a = 0, z(s) = 0, s ∈ J we get the standard hyperbolic ro-
tational surface of first type, and in the case a = 0, w(s) = 0, s ∈ J we get
the standard hyperbolic rotational surface of second type. A local classifica-
tion of spacelike rotational surfaces of hyperbolic type with either vanishing
or lightlike mean curvature vector field was given in [18]. In [19], the time-
like and spacelike hyperbolic rotational surfaces with non-zero constant mean
curvature in the three-dimensional de Sitter space S

3
1 were classified. A classi-

fication of the spacelike and timelike Weingarten rotational surfaces in S
3
1 was

obtained in [20]. The class of Chen spacelike rotational surfaces of hyperbolic
or elliptic type in E

4
1 was described in [21].
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In the case a �= 0 and b �= 0, the surfaces defined by (3.2) are analogous to
the general rotational surfaces in the Euclidean space E

4. In [8], G. Ganchev
and the second author studied spacelike general rotational surfaces with plane
meridian curves in E

4
1 and described analytically the following main subclasses:

minimal, flat, with flat normal connection. Spacelike general rotational surfaces
in E

4
1 with meridian curves lying in 2-dimensional planes and having pointwise

1-type Gauss map were studied in [22].
To go further with this subject studied in the Euclidean and the

Minkowski case, it is natural for us to deal here with the general rotational sur-
faces in the pseudo-Euclidean 4-space with neutral metric E4

2. Let μ, defined by
(3.1), be a spacelike (resp. timelike) curve in E

4
2 parametrized by its arc-length

s, which means that 〈μ̇(s), μ̇(s)〉 = ε, i.e. ẋ2(s) + ẏ2(s) − ż2(s) − ẇ2(s) = ε,
where ε = 1 in the spacelike case (resp. ε = −1 in the timelike case) and the
dot denotes derivative with respect to s. We consider the surface M immersed
in E

4
2 as follows

M : Z(s, t) = (Z1(s, t), Z2(s, t), Z3(s, t), Z4(s, t)) , (3.3)

where
Z1(s, t) = x(s) cos at − y(s) sin at; Z3(s, t) = z(s) cos bt − w(s) sin bt;

Z2(s, t) = x(s) sin at + y(s) cos at; Z4(s, t) = z(s) sin bt + w(s) cos bt,
(3.4)

s ∈ J , t ∈ (0, 2π), a, b are real constants, and x(s), y(s), z(s), w(s) are smooth
functions satisfying ẋ2(s) + ẏ2(s) − ż2(s) − ẇ2(s) = ε, where ε = ±1.

From now on, dot and prime will denote derivatives with respect to s and
t, respectively, i.e. we will use the notations Żi = ∂Zi

∂s , Z ′
i = ∂Zi

∂t .
Let us point out the following facts, obtained by direct calculation, which

will be used in our further investigations.
Fact 1. The following conditions are equivalent:

(i) M is immersed in E
4
2;

(ii) the matrix

⎛

⎝

Ż1 Ż2 Ż3 Ż4

Z ′
1 Z ′

2 Z ′
3 Z ′

4

⎞

⎠ is of rank 2;

(iii) at least one the the following determinants is non-zero:

Δij =

∣

∣

∣

∣

∣

Żi Żj

Z ′
i Z ′

j

∣

∣

∣

∣

∣

, i, j ∈ {1, 2, 3}, i < j. (3.5)
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Fact 2. The determinants in (3.5) are given by:

Δ12 = a(xẋ + yẏ);

Δ13 = cos at cos bt(ayż − bẋw) − cos at sin bt(bẋz + aẇy)+
+ sin at cos bt(axż + bẏw) + sin at sin bt(bẏz − aẇx);

Δ14 = cos at cos bt(ayẇ + bẋz) − cos at sin bt(ayż − bẋw)+
+ sin at cos bt(axẇ − bẏz) + sin at sin bt(axż + bẏw);

Δ23 = − cos at cos bt(axż + bẏw) + cos at sin bt(axẇ − bẏz)−
− sin at cos bt(ayż − bẋw) − sin at sin bt(ayẇ + bẋz);

Δ24 = − cos at cos bt(axẇ − bẏz) − cos at sin bt(axż + bẏw)+
+ sin at cos bt(ayẇ + bẋz) + sin at sin bt(ayż − bẋw);

Δ34 = b(zż + wẇ).

By using some product-to-sum trigonometric identities we obtain the
following

Fact 3. Let a and b be two non-zero real constants and A, B, C, and D
be some functions independent of t ∈ (0; 2π).

(i) If a �= b, then

A cos at cos bt + B cos at sin bt + C sin at cos bt + D sin at sin bt = 0, t ∈ (0; 2π)

if and only if A = B = C = D = 0;
(ii) If a = b, then

A cos2 at + (B + C) sin at cos at + D sin2 at = 0, t ∈ (0; 2π)

if and only if A = B + C = D = 0.

The three facts above underlie the following two statements.

Proposition 3.1. The following conditions are equivalent:
(i) Δij = 0 for all i, j = 1, 2, 3 and i < j;
(ii) xẋ + yẏ = zż + wẇ = ayż − bẋw = ayẇ + bẋz = axż + bẏw =

axẇ − bẏz = 0;
(iii) The functions x, y, z, w in the parametrization (3.3) and (3.4) of

Z(s, t) are either constant or determined by

x = c cos
(a

b
u(s) + q

)

, y = c sin
(a

b
u(s) + q

)

, (3.6)

z = k cos u(s), w = k sin u(s), (3.7)
where a, b are non-zero real constants, c, k, q ∈ R and u(s) is a smooth func-
tion.

Proposition 3.2. If a = 0 and b is a non-zero constant, then the following
conditions are equivalent:

(i) Δij = 0, for all i = 1, 2, 3 and i < j;
(ii) zż + wẇ = wẋ = zẋ = wẏ = zẏ = 0;
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(iii) The functions x, y, z, w in the parametrization (3.3) and (3.4) of
Z(s, t) belong to one of the following cases:
(a): x(s) is non-constant, y(s) is an arbitrary smooth function, z = w = 0;
(b): x(s) is an arbitrary smooth function, y(s) is non-constant, z = w = 0;
(c): x = c, y = q, z = k cos u, w = k sin u, where c, k, q ∈ R and u(s) is a
smooth function.

Remark 3.3. (1) If a is a non-zero constant and b = 0, then the statement of
Proposition 3.2 remains valid if we replace x, y, z, w respectively by z, w, x, y.

(2) If a = b = 0, then Δij = 0, for all i = 1, 2, 3 and i < j.

To summarize, Proposition 3.1, Proposition 3.2, and Remark 3.3 give the
following result.

Proposition 3.4. Let M be a general rotational surface given by (3.3) and
(3.4). Then M is immersed in E

4
2 if and only if none of the following con-

ditions holds:
(i) a = b = 0;
(ii) a �= 0, b �= 0, x, y, z, w are constants;
(iii) a �= 0, b �= 0, x = c cos

(

a
b u(s) + q

)

, y = c sin
(

a
b u(s) + q

)

, z =
k cos u(s), w = k sin u(s);

(iv) a = 0, b �= 0, z = w = 0, and either x or y is non-constant;
(v) a = 0, b �= 0, x = c, y = q, z = k cos u, w = k sin u, for c, k, q ∈ R

and some smooth function u(s);
(vi) a �= 0, b = 0, x = y = 0, and either z or w is non-constant;
(vii) a �= 0, b = 0, z = c, w = q, x = k cos u, y = k sin u, for c, k, q ∈ R

and some smooth function u(s).

Further, we will assume that M is immersed in E
4
2.

Some particular cases of a general rotational surfaces are of special inter-
est:

I. In the case b = 0, and either y(s) = 0 or x(s) = 0 (resp. a = 0, and
either z(s) = 0 or w(s) = 0) the surface M parametrized by (3.3) and (3.4)
becomes a standard rotational surface of elliptic type in E

4
2.

II. In the case a �= 0, b �= 0, y(s) = 0, w(s) = 0, the meridian curve
μ(s) is a plane curve (lying in the two-dimensional xz-plane) and the general
rotational surface M has the following parametrization:

M : Z(s, t) = (x(s) cos at, x(s) sin at, z(s) cos bt, z(s) sin bt) . (3.8)

Lorentz general rotational surfaces in E
4
2 with plane meridian curves are stud-

ied in [12] where the complete classification of some special subclasses is
given, namely: minimal, flat, with flat normal connection, with parallel nor-
malized mean curvature vector field. A particular subcase is the analogue of
the Vranceanu rotational surface in the Euclidean space E

4 which is obtained
choosing a = b = 1, x(s) = u(s) cos s, and z(s) = u(s) sin s for some smooth
function u(s) [23].
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Remark 3.5. If the surface M is parametrized by (3.3) and (3.4) and the
meridian curve μ(s) satisfies x(s)

y(s) = const and z(s)
w(s) = const, then we can

find functions f(s) and g(s) and re-parametrize the surface in the following
form:

(f(s) cos(at + a0), f(s) sin(at + a0), g(s) cos(bt + b0), g(s) sin(bt + b0)) ,

which is equivalent to (3.8) up to constants a0 and b0. In the present paper,
we study the general case, i.e. x(s)

y(s) �= const or z(s)
w(s) �= const.

The general rotational surfaces in E
4
2 parametrized by (3.3) and (3.4)

are of elliptic type (the elliptic cosine and sine functions are used in the
parametrization). Similar to the general rotational surfaces of elliptic type,
in [12], Aleksieva, Turgay and the second author define general rotational sur-
faces of hyperbolic type in E

4
2 as follows:

Z1(s, t) = x(s) cosh at + z(s) sinh at; Z3(s, t) = x(s) sinh at + z(s) cosh at;

Z2(s, t) = y(s) cosh bt + w(s) sinh bt; Z4(s, t) = y(s) sinh bt + w(s) cosh bt.

(3.9)
In the case b = 0 and z(s) = 0, one obtains the surface with parametriza-

tion
Z(s, t) = (x(s) cosh at, y(s), x(s) sinh at, w(s)) ,

which is a standard rotation of hyperbolic type about the yw-axis. In the case
a = 0 and w(s) = 0, one gets the surface

Z(s, t)) = (x(s), y(s) cosh bt, z(s), y(s) sinh bt) ,

which is a standard rotation of hyperbolic type about the xz-axis. If both a
and b are non-zero constants the surface defined by (3.9) is a general rota-
tional surface of hyperbolic type in E

4
2. Lorentz general rotational surfaces of

hyperbolic type with plane meridian curves are studied in [12].
General rotational surfaces with plane meridian curves and pointwise 1-

type Gauss map in E
4
2 are studied in [11] in the case the Gauss curvature is

zero and a = b = 1. In [24], the classification of general rotational surfaces
having zero mean curvature and pointwise 1-type Gauss map of second kind
is given.

In all mentioned papers [11,12,24], only the case of meridian surfaces
lying in two-dimensional planes is considered. In what follows, we study gen-
eral rotational surfaces of elliptic type in E

4
2 whose meridian curves lie in 4-

dimensional space. Similar considerations can be made for general rotational
surfaces of hyperbolic type (in the general case, when the meridian curves
do not lie in two-dimensional planes), but we are not including them in the
present paper for conciseness.

Let M be a general rotational surface immersed in E
4
2 and parametrized

by (3.3) and (3.4). Then, the tangent frame field of M is determined by the
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following vector fields:
Zs = (ẋ cos at − ẏ sin at, ẋ sin at + ẏ cos at, ż cos bt − ẇ sin bt, ż sin bt + ẇ cos bt) ;

Zt =
(−ax sin at−ay cos at, ax cos at−ay sin at, −bz sin bt − bw cos bt, bz cos bt − bw sin bt

)

.

The coefficients of the induced metric on M are expressed by:

E = 〈Zs, Zs〉 = ε = ±1;

F = 〈Zs, Zt〉 = a(xẏ − yẋ) + b(wż − zẇ);

G = 〈Zt, Zt〉 = a2(x2 + y2) − b2(z2 + w2).

If we denote Δ = EG − F 2, then the function Δ is expressed by

Δ = a2(xẋ + yẏ)2 + b2(zż + wẇ)2 − (axż + bwẏ)2

− (ayż − bwẋ)2 − (axẇ − bzẏ)2 − (ayẇ + bzẋ)2.

Definition 3.6. Any semi-Riemannian metric on a manifold induces on a sub-
manifold a metric of type (p, q, r), where p, q, r represent the positive, the
negative and the zero eigenvalues, respectively. The submanifold itself and
this metric restricted to the submanifold are called:

- non-degenerate, if its nullity degree vanishes, i.e. r = 0;
- spacelike, if it is non-degenerate of index q = 0;
- timelike, if it is non-degenerate of index q ≥ 1, and in particular, when

q = 1, it is called Lorentz ;
- lightlike, if it is degenerate, i.e. r > 0.

Remark 3.7. Based on the above definition, a surface of a semi-Riemannian
manifold is lightlike if and only if its metric, restricted to each point of the
surface, is either identically zero, or is of rank one, i.e. p + q = 1.

Using the terminology from [25] and the above expressions of E, F , G,
Δ, we obtain the following statements, which characterize the character of M.

Proposition 3.8. Let M be a general rotational surface given by (3.3) and
(3.4). Then, we have the following equivalences:

(a) M is spacelike ⇐⇒ μ is spacelike and Δ > 0 ⇐⇒ ε = 1 and Δ > 0;
(b) M is of index 2 ⇐⇒ μ is timelike and Δ < 0 ⇐⇒ ε = −1 and Δ < 0;
(c) M is Lorentz ⇐⇒ either μ is spacelike and Δ < 0 or μ is timelike

and Δ > 0 ⇐⇒ εΔ < 0.

Proposition 3.9. Let M be a general rotational surface given by (3.3) and
(3.4). Then, M is lightlike (i.e. degenerate) if and only if Δ = 0.

Remark 3.10. We emphasize that the restriction of the pseudo-Euclidean met-
ric of E

4
2 to the general rotational surface M is never identically zero, since

we assumed μ, given by (3.1), is either spacelike or timelike. Hence, on gen-
eral rotational surface M in E

4
2, Remark 3.7 applies only when the restricted

metric is of rank 1.
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4. General Rotational Surfaces with Orthogonal Parametric
Lines

This section is devoted to the study of general rotational surfaces whose para-
metric lines are orthogonal.

Proposition 4.1. The tangent vector fields Zs and Zt of a general rotational
surface M given by (3.3) and (3.4) are orthogonal if and only if one of the
following cases occurs:

(i) b = 0 and either x = 0 or y = 0;
(ii) b = 0 and y = cx, c �= 0;
(iii) b �= 0, z = 0 and either x = 0 or y = 0;
(iv) b �= 0, z = 0 and y = cx;
(v) b �= 0 and w(s) = (c + ϕ(s)) z(s) for some constant c ∈ R and

ϕ(s) =
a

b

∫

xẏ − yẋ

z2
ds. (4.1)

Proof. We will analyse the following possible cases:
Case 1. The constant b is zero. Then, F = 0 if and and only if xẏ = yẋ

and hence, either we have x = 0 or y = 0, i.e. (i) occurs, or x and y are both
non-zero functions and y = cx for some constant c, i.e. (ii) occurs.

Case 2. The constant b is non-zero. Then, denoting u = a
b y we obtain

that F = 0 if and only if the following differential equation holds:

zẇ − wż = xu̇ − uẋ. (4.2)

Now, we consider (4.2) as a differential equation of order 1 with respect to w.
If we assume that z = 0, then xu̇ = uẋ, or equivalently xẏ = yẋ, which implies
that either (iii) or (iv) occurs. If z �= 0, then the general solution of (4.2) is
given by w = w0 +wp, where w0 = cz, c = const, is the general solution of the
homogeneous equation zẇ − wż = 0 and wp = ϕ(s)z is a particular solution
of (4.2), where the function ϕ(s) is given by (4.1).

�

A special case of orthogonal parametric lines is the case of isothermal
parametrization. A surface is said to be parametrized by isothermal parame-
ters, if F = 0, and E = G in case of a spacelike surface (resp. E = −G in case
of a timelike surface), i.e. the tangent vector fields Zs and Zt are orthogonal
and have equal length (up to a sign). As a consequence of Proposition 4.1 we
obtain the following result.

Proposition 4.2. The general rotational surface M given by (3.3) and (3.4) is
parametrized by isothermal coordinates (s, t) if and only if one of the following
conditions is satisfied:

(i) b = 0, x = ± 1
a
√

1+c2
, y = cx;

(ii) b = 0, x = 0, y = ± 1
a ;
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(iii) b = 0, x = ± 1
a , y = 0;

(iv) b �= 0, a2(x2 + y2) − b2z2
(

1 + (c + ϕ)2
)

= ±1, w = (c + ϕ) z;

(v) b �= 0, x = 0, z = 0, w = ±
√

a2y2∓1

b ;

(vi) b �= 0, y = 0, z = 0, w = ±
√

a2x2∓1
b

for some c ∈ R and a smooth function ϕ(s) given by (4.1).

To study in more details the general rotational surfaces whose geometric
parametric lines are orthogonal, we will consider separately each case men-
tioned in Proposition 4.1.

Case (i): If b = 0 and y = 0, then the surface M is parametrized by

M : Z(s, t) = (x(s) cos at, x(s) sin at, z(s), w(s)) ,

which is the parametrization of a standard rotational surface of elliptic type.
Similarly for the case b = 0 and x = 0.

Case (ii): If b = 0 and y = cx, c �= 0, then the surfaces has the following
parametrization:

M : Z(s, t) = (x(s)(cos at − c sin at), x(s)(sin at + c cos at), z(s), w(s)) . (4.3)

We denote

g1(t) = cos at − c sin at, g2(t) = sin at + c cos at.

Then, g2
1 + g2

2 = 1 + c2, and hence, there exists a function ψ(t) such that

g1(t) =
√

1 + c2 cos ψ(t)

g2(t) =
√

1 + c2 sin ψ(t)

Indeed, the above equalities imply that tanψ(t) = tan at+c
1−c tan at . So, if we consider

the function ψ(t), defined by

ψ(t) = arctan
tan at + c

1 − c tan at
,

and denote r(s) =
√

1 + c2 x(s), then the parametrization (4.3) of M takes
the form:

M : Z(s, ψ) = (r(s) cos ψ, r(s) sin ψ, z(s), w(s)) ,

which shows that M is a standard rotational surface of elliptic type in E
4
2.

Case (iii): If b �= 0, z = 0 and y = 0, then the surface M is parametrized
by

M : Z(s, t) = (x(s) cos at, x(s) sin at,−w(s) sin bt, w(s) cos wt) ,

which is the parametrization of a general rotational surface of elliptic type
with plane meridian curves. Similarly for the case b �= 0, z = 0 and x = 0.
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Case (iv): If b �= 0, z = 0 and y = cx, c �= 0, then the surface has the
following parametrization:

M : Z(s, t) =
(

x(s)(cos at − c sin at), x(s)(sin at + c cos at),

− w(s) sin bt, w(s) cos bt
)

.

Denoting
g1(t) = cos at − c sin at, g2(t) = sin at + c cos at,

we get g2
1 + g2

2 = 1 + c2. Hence, we can consider the function ψ(t), defined by

ψ(t) = arctan
tan at + c

1 − c tan at
,

and denote r(s) =
√

1 + c2 x(s). Then, we obtain the following parametrization
of M:

M : Z(s, t) = (r(s) cos ψ(t), r(s) sin ψ(t),−w(s) sin bt, w(s) cos bt) . (4.4)

Setting c̃ = arctan c, we get tan ψ(t) = tan(at+c̃) and hence, ψ(t) = at+c̃+kπ,
k ∈ Z. If we assume that a ∈ Z and c̃ = −akπ for some k ∈ Z, then we get
c = 0, which contradicts the condition c �= 0. If a /∈ Z and −arctan c

aπ ∈ Z, then
the parametrization (4.4) takes the form

M : Z(s, ψ) = (r(s) cos ψ, r(s) sin ψ,−w(s) sin ãψ, w(s) cos ãψ) ,

where ã = b
a . Consequently, M is a general rotational surface of elliptic type

with plane meridian curves.
Case (v): If b �= 0 and w(s) = (c + ϕ(s)) z(s), c �= 0, where

ϕ(s) =
a

b

∫

xẏ − yẋ

z2
ds,

then denoting ϕ̃(s) = c + ϕ(s), we get

z(s) cos bt − w(s) sin bt = z(s)(cos bt − ϕ̃(s) sin bt);

z(s) sin bt + w(s) cos bt = z(s)(sin bt + ϕ̃(s) cos bt).

So, in this case we have (Z3(s, t))
2 + (Z4(s, t))

2 = z2(s)(1 + ϕ̃2(s)), which is
not constant in general.

But obviously, ϕ̃(s) = const ⇐⇒ ϕ(s) = const ⇐⇒ y(s)
x(s) = const. We

consider the subcase y(s) = c1x(s), c1 �= 0. Then ϕ = 0 and ϕ̃ = c. For
convenience, we denote ϕ̃ by c2, and hence w(s) = c2z(s), c2 �= 0. In this
subcase, the surface M is parametrized by:

Z(s, t) =
(

x(cos at − c1 sin at), x(sin at + c1 cos at),

z(cos bt − c2 sin bt), z(sin bt + c2 cos bt)
)

.
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Now, denoting

g1(t) = cos at − c1 sin at; g3(t) = cos bt − c2 sin bt;

g2(t) = sin at + c1 cos at; g4(t) = sin bt + c2 cos bt,

we obtain that the parametrization of the surface can be rewritten as follows:

Z(s, t) = (x(s)g1(t), x(s)g2(t), z(s)g3(t), z(s)g4(t)) .

Moreover, we have g2
1 + g2

2 = 1 + c2
1, g2

3 + g2
4 = 1 + c2

2. Hence, we can consider
the functions ψ1(t) and ψ2(t), defined by

ψ1(t) = arctan
tan at + c1

1 − c1 tan at
; ψ2(t) = arctan

tan bt + c2

1 − c2 tan bt
.

Then, the functions gi(t), i = 1, 2, 3, 4 can be written as

g1(t) =
√

1 + c2
1 cos ψ1(t); g3(t) =

√

1 + c2
2 cos ψ2(t);

g2(t) =
√

1 + c2
1 sin ψ1(t); g4(t) =

√

1 + c2
2 sin ψ2(t).

Setting c̃1 = arctan c1, c̃2 = arctan c2, we get

tan ψ1(t) = tan(at + c̃1), tan ψ2(t) = tan(bt + c̃2),

which imply that ψ1(t) = at+ c̃1 +k1π, ψ2(t) = bt+ c̃2 +k2π, where k1, k2 ∈ Z.
Obviously, ψ1

ψ2
= const ⇐⇒ b

a = arctan c2+k2π
arctan c1+k1π for some k1, k2 ∈ Z. In the

special subcase in which the constants c1 and c2 satisfy the relation
b

a
=

arctan c2 + k2π

arctan c1 + k1π

for some k1, k2 ∈ Z, we may consider the following change of the parameter t:

ψ2(t) = arctan
tan bt + c2

1 − c2 tan bt
.

Now, we set ψ1 = ãψ2, where ã = at+c̃1+k1π
bt+c̃2+k2π = const. Denote

x̃(s) =
√

1 + c2
1 x(s), z̃(s) =

√

1 + c2
2 z(s).

Then, we obtain the following parametrization of the surface:

M : Z(s, ψ2) = (x̃(s) cos ãψ2, x̃(s) sin ãψ2, z̃(s) cos ψ2, z̃(s) sin ψ2) .

Consequently, M is a general rotational surface of elliptic type with plane
meridian curves.

Finally, we reach to the following conclusions:
1. Cases (i) and (ii) correspond to the class of standard rotational surfaces

(up to re-parametrization).
2 . In cases (iii), (iv), and (v), there exists a subclass which corresponds

to the class of general rotational surfaces of elliptic type with plane meridian
curves (up to re-parametrization).
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5. Killing Vector Fields on General Rotational Surfaces

Let us recall that on a semi-Riemannian manifold (N, g), a vector ξ is called
Killing, provided the Lie derivative Lξg vanishes identically. In this section,
we will study Killing vector fields on general rotational surfaces in E

4
2.

On a general rotational surface M given by (3.3) and (3.4), the second
derivatives of Z(s, t) are given by:

Zss =(ẍ cos at−ÿ sin at, ẍ sin at+ÿ cos at, z̈ cos bt−ẅ sin bt, z̈ sin bt + ẅ cos bt);

Zst =(−aẋ sin at − aẏ cos at, aẋ cos at − aẏ sin at, −bż sin bt − bẇ cos bt, bż cos bt − bẇ sin bt);

Ztt =(−a2x cos at+a2y sin at,−a2x sin at−a2y cos at,−b2z cos bt+b2w sin bt,

−b2z sin bt−b2w cos bt).

If ∇ denotes the Levi-Civita connection on the surface M, then

〈∇Zs
Zs, Zs〉 = 〈∇Zs

Zt, Zs〉 = 〈∇Zt
Zt, Zt〉 = 0;

〈∇Zs
Zs, Zt〉 = Ḟ ;

〈∇Zs
Zt, Zt〉 = −〈∇Zt

Zt, Zs〉 = Ġ
2 ,

(5.1)

and the functions Ḟ , Ġ are expressed in terms of x, y, z, w as follows:

Ḟ = a(xÿ − yẍ) − b(zẅ − wz̈), (5.2)

Ġ = 2
(

a2(xẋ + yẏ) − b2(zż + wẇ)
)

. (5.3)

Further, we denote f = Ḟ and g = Ġ
2 .

Let ξ = α(s, t)Zs + β(s, t)Zt be a vector field tangent to the general
rotational surface M, α and β being arbitrary smooth functions of (s, t). For
any X and Y tangent to M the Lie derivative Lξ with respect to ξ is given by

(Lξ〈, 〉) (X,Y ) = 〈∇ξX,Y 〉 + 〈X,∇ξY 〉 − 〈[ξ,X], Y 〉 − 〈X, [ξ, Y ]〉.
Then, from [ξ, Zs] = −α̇Zs − β̇Zt, [ξ, Zt] = −α′Zs −β′Zt, and (5.1), we obtain

(Lξ〈, 〉) (Zs, Zs) = 2(εα̇ + F β̇);

(Lξ〈, 〉) (Zs, Zt) = αf + εα′ + (α̇ + β′)F + Gβ̇;

(Lξ〈, 〉) (Zt, Zt) = αĠ + 2(α′F + β′G).

(5.4)

In the following statement, we consider vector fields with separable vari-
ables, simplifying analysis in fields such as fluid dynamics or electromagnetism.
This separability allows complex equations to be decomposed into simpler, in-
dependent equations for each variable, making them solvable using separation
of variables techniques, which often lead to exact solutions. We prefer to work
in the context of separable variables in order to make the exposition clearer.

Theorem 5.1. Any Killing vector field ξ = α(s, t)Zs + β(s, t)Zt tangent to the
general rotational surface M, for which α(s, t) has separable variables, falls
into one of the following four cases:
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(i) M is lightlike, α = ce−εft for some constant c ∈ R, and β(s, t) is an
arbitrary smooth function;

(ii) M is semi-Riemannian (non-degenerate), α = ceA(s), β =
−εc

∫

ȦeA(s)

F ds for some constant c ∈ R and A(s) =
∫

fF
Δ ds;

(iii) M is lightlike, f = 0, α = ceA(s), β = −εc
∫

ȦeA(s)

F ds for some
constant c ∈ R and an arbitrary function A(s);

(iv) M is semi-Riemannian (non-degenerate), α = c T ′(t), β =
− c

2

(

( ˙ln G)T (t) + U(s)
)

for some constant c ∈ R and

T (t) = c1e
λ1t + c2e

λ2t + g1(t)eλ1t + g2(t)eλ2t, (5.5)

where c1, c2 ∈ R, λ1,2(s) = ε
−f±

√
f2+2εG( ¨ln G)

2 , and g1(t), g2(t) are partic-
ular solutions such that (5.5) satisfies the following second order differential
equation with respect to t with constant coefficients:

εT ′′ + fT ′ − G

2
( ¨ln G)T = U(s)G. (5.6)

Remark 5.2. Based on Remark 3.10, it makes sense to consider Killing vector
fields when M is lightlike, since the pseudo-Euclidean metric restricted to M
is never identically zero.

Proof. It follows from (5.4) that ξ is a Killing vector field if and only if the
following system holds:

εα̇ + F β̇ = 0

fα + εα′ + Fα̇ + Fβ′ + Gβ̇ = 0

Ġα + 2Fα′ + 2Gβ′ = 0

(5.7)

Having separable variables, α(s, t) can be written as α(s, t) = eA(s)+B(t) for
some smooth functions A and B.

Case I. If F = G = 0, then Δ = 0 and from Proposition 3.9 it follows
that M is lightlike. In this case, system (5.7) takes the form

εα̇ = 0

fα + εα′ = 0

which is equivalent to (i).
Case II. If F �= 0 and G �= 0, then replacing β̇ and β′ from the first and

respectively third equation of (5.7) in the second one, we obtain

α

(

f − ĠF

2G

)

+ α′ Δ
G

− α̇
Δ
F

= 0. (5.8)
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Using that α(s, t) = eA(s)+B(t), we get

f − ĠF

2G
+ B′ Δ

G
− Ȧ

Δ
F

= 0,

which implies B′ = 0 and hence, α = ceA(s) for some constant c ∈ R. Then,
the first equation of system (5.7) implies that

β = −εc

∫

ȦeA

F
ds + T (t)

for some smooth function T (t). From the last equation of system (5.7) it follows
that T is constant and hence, we may write β in the following form β =
−εc

∫

ȦeA(s)

F ds.
The third equation of system (5.7) takes the form αĠ = 0, which implies

that either c = 0 or G = q for a non-zero constant q.
a) If c = 0, then the Killing vector field ξ is trivial.
b) If c �= 0, then G = q and the system reduces to

α = ceA(S)

β = −εc
∫

ȦeA

F ds

ȦΔ = fF

(5.9)

which implies that either Δ = 0 (and hence f = 0) and therefore (iii) occurs,
or Δ �= 0 and therefore (ii) occurs.

Case III. If F = 0 and G �= 0, then system (5.7) reduces to

εα̇ = 0

fα + εα′ + Gβ̇ = 0

Ġα + 2Gβ′ = 0

or equivalently
α = ceB(s)

ceB(f + εB′) + Gβ̇ = 0

β = − c
2

(

Ġ
G

∫

eBdt + U(s)
)

for some constant c ∈ R and some smooth function U(s). Denoting T (t) =
∫

eB(t)dt we obtain (iv).
Case IV. If F �= 0 and G = 0, then system (5.7) reduces to

εα̇ + F β̇ = 0

fα + εα′ + Fα̇ + Fβ′ = 0

Fα′ = 0
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which is equivalent to

α = ceA(s)

β = −cε
∫

ȦeA(s)

F ds + k(t)

ceAf + cȦeAF + k′F = 0

for a smooth function k(t). From the last equation it follows that k(t) is a
constant. Hence, we obtain (ii) and complete the proof.

�

Remark 5.3. We may obtain a similar statement if in Theorem 5.1, instead of
α(s, t), we assume that β(s, t) has separable variables.

6. Killing Vector Fields on Standard Rotational Surfaces

The present section is devoted to the standard rotational surfaces as a special
case of general rotational surfaces, mainly with the purpose of giving more
information about Killing vector fields by providing detailed calculations for
integration.

A standard rotational surface M of elliptic type in E
4
2 is defined by

M : Z(s, t) = (x(s), y(s), r(s) cos t, r(s) sin t) , t ∈ (0, π), (6.1)

for some smooth functions x(s), y(s), r(s). Without loss of generality, we may
assume that

ẋ2(s) + ẏ2(s) − ṙ2(s) = ε, ε = ±1, (6.2)

which expresses the condition on s to be the arc-length of the meridian curve.
As a consequence of Proposition 3.4 we obtain:

Proposition 6.1. A standard rotational surface given by (6.1) is immersed in
E

4
2 if and only if one of the following cases occurs:

(i) r(s) is non-constant;
(ii) r(s) is a non-zero constant and either x(s) or y(s) is non-constant.

Convention: in the rest of this section, we assume that one of the condi-
tions (i) or (ii) in Proposition 6.1 is satisfied.

If M is a standard rotational surface of elliptic type immersed in E
4
2, then

the tangent frame field of M is determined by the following vector fields:

Zs = (ẋ, ẏ, ṙ cos t, ṙ sin t) ;

Zt = (0, 0,−r sin t, r cos t) .

The coefficients of the induced metric on M are given by:

E = 〈Zs, Zs〉 = ε = ±1; F = 〈Zs, Zt〉 = 0; G = 〈Zt, Zt〉 = −r2(s).
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The function Δ = EG − F 2 is expressed as Δ = −εr2(s). The second
derivatives of Z(s, t) are given by:

Zss = (ẍ, ÿ, r̈ cos t, r̈ sin t) ;

Zst = (0, 0,−ṙ sin t, ṙ cos t) ;

Ztt = (0, 0,−r cos t,−r sin t) ,

from which we obtain:

〈∇Zs
Zs, Zs〉 = 〈∇Zs

Zt, Zs〉 = 〈∇Zt
Zt, Zt〉 = 〈∇Zs

Zs, Zt〉 = 0;

〈∇Zt
Zt, Zs〉 = −〈∇Zs

Zt, Zt〉 = rṙ.

Let ξ = α(s, t)Zs + β(s, t)Zt be a vector field tangent to M, α and β
being arbitrary smooth functions of (s, t). Then, the Lie derivative Lξ with
respect to ξ is expressed by:

(Lξ〈, 〉) (Zs, Zs) = 2εα̇;

(Lξ〈, 〉) (Zs, Zt) = εα′ − β̇r2;

(Lξ〈, 〉) (Zt, Zt) = −2(αrṙ + β′r2).
(6.3)

Theorem 6.2. Let ξ = α(s, t)Zs + β(s, t)Zt be a Killing vector field on a stan-
dard rotational surface M in E

4
2. Then either

(i) α = 0 and β is constant;
or
(ii) r(s) satisfies the equation

ṙ2 − rr̈ = c (6.4)

for some constant c ∈ R and the vector field ξ falls into one of the following
cases:

case I. α = c1e
√

cε t + c2e
−√

cε t; β = − ṙ√
cεr

(

c1e
√

cε t − c2e
−√

cε t
)

+ c3, if
cε > 0;

case II. α = c1 cos
√−cε t + c2 sin

√−cε t; β = − ṙ√−cε r
(

c1 sin
√−cε t − c2 cos

√−cε t
)

+ c3, if cε < 0;
case III. α = c1t + c2, if c = 0; and
sub-case III.1. r is a non-zero constant, β = c1ε

r2 s + c3;
sub-case III.2. r(s) = peqs is non-constant, β = − ṙ

2r

(

c1t
2 + 2c2t

) −
c1ε
2qp2 e−2qs + c3 for some constants c1, c2, c3, p, q ∈ R with c2

1 + c2
2 �= 0.

Proof. Using formulas (6.3), we get that ξ is Killing if and only if the following
equalities hold:

α̇ = 0; εα′ = β̇r2; β′r = −αṙ. (6.5)
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Under the assumption that one of the conditions (i) or (ii) in Proposition 6.1
is satisfied, we have r �= 0, so (6.5) can be written as

α̇ = 0; β̇ =
εα′

r2
; β′ = −αṙ

r
. (6.6)

(i) If α = 0, then system (6.6) implies β = const.
(ii) If α �= 0, then taking the derivative of the second equation in (6.6)

with respect to t and of the third one with respect to s, we obtain

εα′′ + α(rr̈ − ṙ2) = 0.

Since α �= 0, from the last equality we get

α′′

α
= ṙ2 − rr̈,

which implies that both sides are equal to a constant c ∈ R, i.e. (6.4) is fulfilled
and

α′′ − cεα = 0. (6.7)

Integrating the last equality, we obtain:

α = c1e
√

cε t + c2e
−√

cε t, for c ε > 0;

α = c1 cos
√−cε t + c2 sin

√−cε t, for c ε < 0;

α = c1t + c2, for c = 0.

(6.8)

The last equality of system (6.5) implies that β is determined by

β = − ṙ

r

∫

α(t)dt + U(s) (6.9)

for a smooth function U(s). From the second equality of (6.5) it follows that
U(s) should satisfy

ṙ2 − rr̈

r2

∫

α(t)dt + U̇(s) =
εα′

r2
,

or equivalently
c

r2

∫

α(t)dt + U̇(s) =
εα′

r2
. (6.10)

Now, using (6.8) we get

εα′ − c

∫

α(t)dt =

⎧

⎨

⎩

0, if c �= 0

εc1, if c = 0 (6.11)

Substituting (6.11) in (6.10), we obtain

U̇(s) =

⎧

⎨

⎩

0, if c �= 0
εc1
r2 , if c = 0
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which implies

U(s) =

⎧

⎨

⎩

c3, if c �= 0

εc1

∫

ds
r2 , if c = 0

(6.12)

If c �= 0, from (6.12), (6.9), and (6.8), we obtain that the function β is
expressed by

β = − ṙ√
cεr

(

c1e
√

cε t − c2e
−√

cε t
)

+ c3, if cε > 0,

or

β = − ṙ√−cε r

(

c1 sin
√−cε t − c2 cos

√−cε t
)

+ c3, if cε < 0,

which proves case I and case II of the theorem.
If c = 0, from (6.4) we get the equation

ṙ2 − rr̈ = 0. (6.13)

Since r �= 0, the last equation implies

ṙ = qr (6.14)

for some constant q ∈ R. Then, the following sub-cases occur depending on
q = 0 or q �= 0:

If r is a non-zero constant (i.e. q = 0), then from (6.12) we obtain

U(s) =
εc1

r2
s + c3 (6.15)

for some constant c3 ∈ R. Having in mind that α = c1t + c2, from (6.9) and
(6.15) we obtain β = c1ε

r2 s + c3, which proves sub-case III.1.
If r is non-constant (i.e. q �= 0), then from (6.14) we obtain r = peqs for

some p ∈ R. In this case, using (6.12) we get

U(s) = − εc1

2qp2
e−2qs + c3, (6.16)

where c3 ∈ R. Again, having in mind that α = c1t + c2, from (6.9) and (6.16)
we obtain β = − ṙ

2r

(

c1t
2 + 2c2t

) − c1ε
2qp2 e−2qs + c3, which proves sub-case III.2

and completes the proof of the theorem.
�

We recall from both differential geometry and physics, that on a semi-
Riemannian manifold (N, g), a vector field ξ is called homothetic, if Lξg = 2kg
for some constant k ∈ R. Moreover, ξ is proper homothetic, if ξ is homothetic
but not Killing, i.e. k �= 0. Homothetic vector fields have applications in the
study of singularities in general relativity and they can also be used to generate
new solutions for Einstein equations by similarity reduction [26].

Having in mind the importance of homothetic vector fields mentioned
above, our purpose in the next statement, is to describe the feature of all
proper homothetic vector fields on a standard rotational surface.
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Theorem 6.3. Let ξ = α(s, t)Zs + β(s, t)Zt be a proper homothetic vector field
on a standard rotational surface M in E

4
2. Then either

(i) r = q(s + l)1− c
k , α = k(s + l), and β = ct + c3;

or
(ii) r(s) = ±√

qs and the vector field ξ falls into one of the following
cases:

I. α = ks + c1e
√

qε t + c2e
−√

qε t; β = − ε
√

qε

qs

(

c1e
√

qε t + c2e
−√

qε t
)

+ c3,
if qε > 0;

II. α = ks + c1 cos
√−qε t + c2 sin

√−qε t; β = − ε
√−qε
qs

(c1 cos
√−qε t + c2 sin

√−qε t)+c3, if qε < 0;
for some constants c, c1, c2, c3, l, q ∈ R with q �= 0.

Proof. Using formulas (6.3), we get that ξ is proper homothetic if and only if
the following equalities hold:

α̇ = k; εα′ = β̇r2; αṙ − β′r = kr,

where k �= 0. Since r �= 0, the above equalities imply

α = ks + V (t); β̇ =
εV ′

r2
; β′ = k − α

ṙ

r
, (6.17)

for some smooth function V (t). Taking the derivative in the second equation
of (6.17) with respect to t and in the last one with respect to s, we obtain

εV ′′ = −krṙ − (ks + V )(rr̈ − ṙ2), (6.18)

whose derivative with respect to t gives:

εV ′′′ − V ′(ṙ2 − rr̈) = 0. (6.19)

(i) If V ′ = 0, then V (t) = kl = const and equalities (6.17) take the form:

α = k(s + l); β̇ = 0; β′ = k − k(s + l)
ṙ

r
.

The second of the above equalities implies β = β(t), and hence from the third
equality it follows that both its sides are equal to a constant c ∈ R. Hence, we
get β(t) = ct + c3 and (s + l) ṙ

r = 1 − c
k , which implies r = q(s + l)1− c

k .
(ii) If V ′ �= 0, then (6.19) yields

ε
V ′′′

V ′ = ṙ2 − rr̈,

which shows that both of its sides are equal to a constant q, i.e. ṙ2 − rr̈ = q.
Then, from (6.18) we have

εV ′′ − V q = k(sq − rṙ), (6.20)

which has both sides equal to a constant kp ∈ R. Hence,

sq − rṙ = p, (6.21)

whose derivative with respect to s is q − ṙ2 − rr̈ = 0. Having in mind that
ṙ2 − rr̈ = q, we obtain ṙ2 = q, and hence q ≥ 0. Using (6.21), we get r =
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±
√

s2q − 2ps. But ṙ2 = q, so we obtain p = 0. Consequently, we get r(s) =
±√

qs, q �= 0. From (6.20) and p = 0 we obtain:

εF ′′ − Fq = 0.

If εq > 0, then V = c1e
√

qε t + c2e
−√

qε t, which substituted into (6.17)
gives us

α = ks + c1e
√

qε t + c2e
−√

qε t; β = −ε
√

qε

qs

(

c1e
√

qε t + c2e
−√

qε t
)

+ H(t)

for some smooth function H(t). The last equality of (6.17) shows that H(t) is
constant. This proves case I of the theorem. Case II can be proved in a similar
way.

�

7. Harmonicity on General Rotational Surfaces

The present section is devoted to the study of harmonic functions on general
rotational surfaces. From now on, we assume that M is a non-degenerate
general rotational surface in E

4
2, i.e Δ �= 0.

A tangent frame field {e1 = Zs, e2} of M is orthonormal, if

〈e1, e1〉 = ε; 〈e1, e2〉 = 0; 〈e2, e2〉 = εσ, (7.1)

where σ = signΔ. Obviously, e2 = ± 1√
|Δ| (FZs − εZt). We deal here with

the ”+” case, the ”−” case being similar. Using formulas (5.1), we obtain the
following derivative formulas:

∇Zs
Zs = − σ√

|Δ| Ḟ e2; ∇Zs
Zt = − σ

2
√

|Δ| Ġe2;

∇Zt
Zt = − εĠ

2

(

e1 + σ√
|Δ| Fe2

)

.
(7.2)

Then, for the orthonormal tangent frame field {e1, e2} we obtain:

∇e1e1 = − σ
√|Δ| Ḟ e2; ∇e2e2 = −σΔ̇

2Δ
e1. (7.3)

To fix notations, we recall that the divergence of a vector field X on a
semi-Riemannian manifold (N, g) is given by

divX = δX = trace〈∇·X, ·〉, (7.4)

where ∇ denotes the Levi-Civita connection. In local coordinates (xi), the
divergence of the vector field X = Xk ∂

∂xk is expressed by:

divX =
∂Xi

∂xi
+ Xi Γi

ij , (7.5)

where the functions Γk
ij denote the Christoffel symbols of ∇.
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Proposition 7.1. Let X = α(s, t)Zs + β(s, t)Zt be a vector field tangent to a
general rotational surface M in E

4
2. Then, its divergence divX is given by:

divX = α̇ + β′ + α
Δ̇
2Δ

. (7.6)

Proof. From (7.4) and (7.1) one has

divX = ε〈∇e1X, e1〉 + εσ〈∇e2X, e2〉,
which together with (7.1) and (7.3) yields (7.6) by direct computation.

�

A vector field X on a semi-Riemannian manifold is called divergence free
if its divergence is zero, i.e. divX = 0.

As a consequence of formula (7.6), for the divergence of a vector field X
on a general rotational surface M, we obtain:

Corollary 7.2. A vector field X = α(s, t)Zs + β(s, t)Zt tangent to a general
rotational surface M in E

4
2 is divergence free if and only if

β = − Δ̇
2Δ

∫

α dt −
∫

α̇ dt + U(s), (7.7)

for a smooth function U(s).

Corollary 7.3. A vector field X = α(s, t)Zs + β(s, t)Zt tangent to a standard
rotational surface M in E

4
2 is divergence free if and only if

β = − Ġ

2G

∫

α dt −
∫

α̇ dt + U(s), (7.8)

for a smooth function U(s).

Definition 7.4. On a semi-Riemannian manifold (N, g) with Levi-Civita con-
nection ∇, the co-differential of a one-form ω is given by

δω = trace (∇·ω) · (7.9)

The one-form ω is called co-closed (resp. harmonic), if δω = 0 (resp.
δω = 0 = dω).

In local coordinates (xi), the co-differential of ω is expressed by:

δω = gij

(

∂ωi

∂xj
− Γk

ij ωk

)

. (7.10)

On a general rotational surface M in E
4
2, whose metric h is the restriction

of 〈., .〉 to M, the Christoffel symbols Γk
ij with respect to the basis {Zs, Zt}

are given by:

Γ1
11 = −FḞ

Δ ; Γ1
12 = −FĠ

2Δ ; Γ1
22 = −GĠ

2Δ ;

Γ2
11 = εḞ

Δ ; Γ2
12 = εĠ

2Δ ; Γ2
22 = FĠ

2Δ ;
(7.11)
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and the inverse of the metric h is given by:

hij =
1
Δ

⎛

⎝

G −F

−F ε

⎞

⎠ . (7.12)

Proposition 7.5. Let ω = α(s, t) ds + β(s, t) dt be a one-form on a general
rotational surface M in E

4
2. Then, the co-differential δω is given by:

δω =
α

Δ2

(

FfG − F 2Ġ + εGg
)

+
α̇G

Δ
+βε

Fg − Gf

Δ2
− F

Δ
(α′+β̇)+

εβ′

Δ
. (7.13)

Proof. Using local coordinates, from (7.10) we have:

δω = G
Δ

(

α̇ − Γ1
11α − Γ2

11β
) − F

Δ

(

β̇ − Γ1
12α − Γ2

12β
)

−
−F

Δ

(

α′ − Γ1
21α − Γ2

21β
)

+ ε
Δ

(

β′ − Γ1
22α − Γ2

22β
)

.
(7.14)

Then (7.13) follows from (7.11) and (7.14) by direct computation. �

As a consequence of Proposition 7.5 we obtain the following statement.

Corollary 7.6. A one-form ω = α(s, t) ds + β(s, t) dt on a general rotational
surface M in E

4
2 is:

(i) co-closed if and only if

α(FfG−F 2Ġ+εGg)+ α̇GΔ+βε(Fg−Gf)−FΔ(α′ + β̇)+β′εΔ = 0; (7.15)

(ii) harmonic if and only if (7.15) and β̇ = α′ hold true.

Having in mind the expressions for the coefficients of the first fundamental
form of a standard rotational surface, from Corollary 7.6, we obtain:

Corollary 7.7. A one-form ω = α(s, t) ds + β(s, t) dt on a standard rotational
surface M in E

4
2 is:

(i) co-closed if and only if

α =
1
r

(

ε

∫

β′

r
ds + U(t)

)

, (7.16)

for a smooth function U(t);
(ii) harmonic if and only if (7.16) is satisfied with U(t) =

∫

rβ̇ dt −
ε
∫

β′

r ds.

For the following well known notion, see for instance [27], pp.435-438.

Definition 7.8. On a semi-Riemannian manifold (N, g) a smooth function ϕ is
harmonic, if it satisfies one of the following equivalent conditions:

(i) dϕ is harmonic;
(ii) dϕ is co-closed;
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(iii) Δ̄ϕ =
∑

i g(ei, ei) (eieiϕ − ∇ei
eiϕ) = 0 for any pseudo-orthonormal

frame {ei}i, where Δ̄ denotes the Laplacian of ϕ;
(iv) gij

(

∂2ϕ
∂xi∂xj − Γk

ij
∂ϕ
∂xk

)

= 0 in local coordinates (xi);
(v) div(grad ϕ) = 0, where grad ϕ is defined as the dual vector field of

the one-form dϕ with respect to g, i.e. dϕ = g(grad ϕ, ·).
From Corollary 7.6 we obtain

Proposition 7.9. A smooth function ϕ(s, t) on a general rotational surface M
in E

4
2 is harmonic if and only if

Gϕ̈ − 2Fϕ̇′ + εϕ′′ +
1
Δ

(

fF − F 2G + εGg
)

ϕ̇ +
ε

Δ
(gF − fG) ϕ′ = 0. (7.17)

Remark 7.10. Equation (7.17) is never parabolic, since Δ �= 0. It is either
elliptic or hyperbolic according to σ > 0 or σ < 0.

Proposition 7.11. A smooth function ϕ(s, t) on a standard rotational surface
M in E

4
2 is harmonic if and only if

r2ϕ̈ − εϕ′′ =
Ġ

2
ϕ̇. (7.18)

Remark 7.12. Equation (7.18) is either elliptic or hyperbolic according to ε =
−1 or ε = 1.

8. Special Vector Fields on General Rotational Surfaces

Definition 8.1. On a semi-Riemannian manifold (N, g), a vector field ξ is called
geodesic (resp. parallel), if

∇ξξ = ϕ ξ (8.1)
for a smooth function ϕ called the potential function of ξ (resp. ϕ = 0).

Example 8.2. On a gradient Yamabe soliton, the soliton field is a geodesic
field.
Indeed, on a gradient Yamabe soliton (M, g, ξ, λ), the soliton field ξ satisfies

∇ξξ = (S − λ)ξ, (8.2)

where S is the scalar curvature and λ is a constant [28]. Equality (8.2) implies
that ξ is a geodesic field with potential function ϕ = S − λ.

The following statements follow from Definition 8.1 and formulas (7.11).

Proposition 8.3. A vector field ξ = α(s, t)Zs + β(s, t)Zt tangent to a general
rotational surface M in E

4
2 is geodesic if and only if the following conditions

are satisfied:

αα̇ + βα′ − 1
2Δ

(2α2FḞ + 2αβFĠ + β2GĠ) = ϕα; (8.3)
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αβ̇ + ββ′ +
1

2Δ
(2α2εḞ + 2αβεĠ + β2FĠ) = ϕβ; (8.4)

for a smooth function ϕ(s, t).

Proposition 8.4. A vector field ξ = α(s, t)Zs + β(s, t)Zt tangent to a general
rotational surface M in E

4
2 is parallel if and only if the following conditions

are satisfied:

αα̇ + βα′ − 1
2Δ

(2α2FḞ + 2αβFĠ + β2GĠ) = 0; (8.5)

αβ̇ + ββ′ +
1

2Δ
(2α2εḞ + 2αβεĠ + β2FĠ) = 0. (8.6)

Corollary 8.5. A vector field ξ = α(s, t)Zs + β(s, t)Zt tangent to a general
rotational surface M in E

4
2 with orthogonal parametric lines is:

(i) geodesic if and only if the following conditions are satisfied:

αα̇ + βα′ − β2Ġ

2
= ϕα; (8.7)

αβ̇ + ββ′ + αβ
Ġ

G
= ϕβ; (8.8)

for a smooth function ϕ(s, t);
(ii) parallel if and only if the following conditions are satisfied:

αα̇ + βα′ − β2Ġ

2
= 0; (8.9)

αβ̇ + ββ′ + αβ
Ġ

G
= 0. (8.10)

Corollary 8.6. A curve γ(u) = Z(s(u), t(u)) on a general rotational surface M
in E

4
2 is a geodesic if and only if the following conditions hold:

2s′′Δ − (2s′2FḞ + 2s′t′FĠ + t′2GĠ) = 0; (8.11)

2t′′Δ + 2εs′2Ḟ + 2εs′t′Ġ + t′2FĠ = 0; (8.12)
where s′ and t′ denote the derivative of s(u) and t(u) with respect to u, respec-
tively.

Corollary 8.7. The meridian curve (3.1) on a general rotational surface M in
E

4
2 is a geodesic if and only if the function F is constant.

From Corollary 8.6 we obtain:

Corollary 8.8. A curve γ(u) = Z(s(u), t(u)) on a general rotational surface M
in E

4
2 with orthogonal parametric lines is a geodesic if and only if either
(i) s = c1u + c2 and t is constant,

or
(ii) s =

∫

√

c2 − εc21
G(s(u)) du; t =

∫

c1
G(s(u)) du;

for some constants c1, c2 ∈ R.
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Proof. From (8.11) and (8.12) one obtains respectively:

2s′′ε − t′2Ġ = 0; (8.13)

t′′G + s′t′Ġ = 0. (8.14)

If t′ = 0, then t is constant and (8.13) implies s = c1u + c2. Otherwise, if
t′ �= 0, then (8.14) can be written as:

d

du
(ln(t′) + ln(G(s(u)))) = 0,

which gives t′G = c1 with c1 ∈ R and hence, t =
∫

c1
G(s(u)) du. By replacing t

into (8.13), one obtains

s′′ =
εc2

1

2G2
Ġ.

Multiplying both sides of the last equality with 2s′, it follows that:

d

du

(

s′2 +
εc2

1

G(s(u))

)

= 0,

from which we deduce s =
∫

√

c2 − εc21
G(s(u)) du and complete the proof.

�

Definition 8.9. A vector field ξ on a semi-Riemannian manifold (N, g) is called
concircular, if there exists a function λ on N such that

∇Xξ = λX, ∀X ∈ Γ(TN), (8.15)

where ∇ is the Levi-Civita connection [29]. In particular, if the concircular
vector field ξ admits a smooth function ϕ on N such that ξ = grad ϕ, then ϕ
is called a concircular function (or a concircular scalar field).

Concircular vector fields play an important role in the theory of conformal
transformations [30]. Such vector fields have also interesting applications in
physics [31].

Proposition 8.10. A vector field ξ = α(s, t)Zs + β(s, t)Zt on a general rota-
tional surface M in E

4
2 is concircular, if and only if there exists a smooth

function λ(s, t) on M such that the following conditions are satisfied:

α̇ + εF β̇ = λ; (8.16)

α′ − Ġ

2Δ
(αF + βG) = 0; (8.17)

β̇ +
ε

2Δ
(2αḞ + βĠ) = 0; (8.18)

β′ +
Ġ

2Δ
(αε + βF ) = λ. (8.19)
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Proof. From (5.3) and (8.15) it follows that ξ is concircular, if and only if the
following relations hold true:

〈∇Zs
ξ, Zs〉 = λε; 〈∇Zs

ξ, Zt〉 = 〈∇Zt
ξ, Zs〉 = λF ; 〈∇Zt

ξ, Zt〉 = λG.

These relations are equivalent to (8.16) together with the following three rela-
tions:

α̇F + αḞ + β̇G + β
Ġ

2
= λF ; (8.20)

α′ε + β′F − β
Ġ

2
= λF ; (8.21)

α′F + α
Ġ

2
+ β′G = λG. (8.22)

Then, (8.16) and (8.20) yield (8.18), and from (8.21) and (8.22) one obtains
(8.17) and (8.19), which complete the proof.

�

Corollary 8.11. A smooth function ϕ(s, t) on a general rotational surface M
in E

4
2 is concircular, if and only if there exists a smooth function λ(s, t) on M

such that the following conditions are satisfied:

ϕ̈ + εF β̈ = λ; (8.23)

ϕ̇′ − Ġ

2Δ
(ϕ̇F + ϕ′G) = 0; (8.24)

ϕ̇′ +
ε

2Δ
(2ϕ̇Ḟ + ϕ′Ġ) = 0; (8.25)

ϕ′′ +
Ġ

2Δ
(ϕ̇ε + ϕ′F ) = λ. (8.26)

Corollary 8.12. A vector field ξ = α(s, t)Zs + β(s, t)Zt on a general rotational
surface M in E

4
2 with orthogonal parametric lines is concircular, if and only if

α = ε
√̇

G k(t) + h(s); (8.27)

β =
k′(t)√

G
, (8.28)

where k(t) and h(s) are smooth functions belonging to one of the following
cases:

Case I: k is constant and h = q1

√
G − εk

√̇
G for some constant q1 ∈ R.

Case II: k is non-constant, h =
√

G
∫

q2
G ds for some q2 ∈ R and k(t) is

expressed in one of the following ways:
(i) k(t) = c1e

√
q1 t + c2e

−√
q1 t − q2, for q1 > 0, c1, c2 ∈ R, c2

1 + c2
2 �= 0;

(ii) k(t) = c1 cos
√−q1 t + c2 sin

√−q1 t − q2, for q1 < 0, c1, c2 ∈ R,
c2
1 + c2

2 �= 0;
(iii) k(t) = q2

t2

2 + c1t + c2, where c1, c2 ∈ R, c2
1 + q2

2 �= 0.
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Proof. In the case of orthogonal parametric lines (i.e. F = 0), from Proposition
8.10 we have that ξ is concircular if and only if the following conditions are
satisfied:

α̇ = λ; (8.29)

α′ =
εĠ

2
β; (8.30)

β̇ = − Ġ

2G
β; (8.31)

β′ = λ − α
Ġ

2G
. (8.32)

It follows from (8.31) that β = k′(t)√
G

for some smooth function k(t). Then,

using (8.30) we obtain α = ε
√̇

Gk(t) + h(s) for some smooth function h(s),
i.e. (8.27) is fulfilled. Now, from (8.29), (8.32), and (8.27), we get

k′′ =
ε

2
G̈G − Ġ2

G
k + G

d

ds

(

h√
G

)

, (8.33)

which shows that one of the following cases may occur:
Case I: If k is constant, then (8.33) can be written as

d

ds

(

h√
G

+
εk

2
Ġ

G

)

= 0,

or equivalently h = q1

√
G − εk

√̇
G for some constant q1 ∈ R.

Case II: If k is non-constant, then in (8.33) both the coefficient of k
and the last term in the right-hand side, which doesn’t contain k, should be
constant, i.e.

k′′ = q1k + q2, (8.34)

which implies that G̈G−Ġ2

G = 2εq1 and h(s) =
√

G
∫

q2
G ds should be satisfied.

Then, (8.34) yields one of the subcases (i), (ii), (iii) according to q1 > 0,
q1 < 0, q1 = 0, which complete the proof.

�

Corollary 8.13. A smooth function ϕ(s, t) on a general rotational surface M
in E

4
2 with orthogonal parametric lines is concircular, if and only if one of the

following cases occurs:
(i) G is constant and ϕ(s, t) = λ s2+t2

2 + c1s + c2t + c3 for λ = const and
c1, c2, c3 ∈ R;

(ii) The function ϕ is given by

ϕ = c1

∫ √
Gds + c2; (8.35)

for some constants c1, c2 ∈ R.
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Proof. Applying Corollary 8.11 in the case of orthogonal parametric lines, the
relations (8.23) – (8.26) become respectively:

ϕ̈ = λ; (8.36)

ϕ̇′ =
εĠ

2
ϕ′; (8.37)

ϕ̇′ = − Ġ

2G
ϕ′; (8.38)

ϕ′′ = λ − Ġ

2G
ϕ̇, (8.39)

for a smooth function λ(s, t). It follows from (8.37) and (8.38) that either
Ġ = 0 or ϕ′ = 0. We consider separately these two cases.

(i) If G is constant, then (8.37) and (8.38) imply ϕ(s, t) = U(s) + V (t)
for some smooth functions U(s) and V (t). Then, from (8.36) and (8.39), we
obtain that λ is constant and ϕ is expressed by ϕ(s, t) = λ s2+t2

2 +c1s+c2t+c3,
c1, c2, c3 ∈ R.

(ii) If ϕ′ = 0, i.e. ϕ = ϕ(s) is independent of t, then, from (8.36) and
(8.39) we obtain

ϕ̈ =
Ġ

2G
ϕ̇, (8.40)

which implies either ϕ̇ = 0 (and hence ϕ is constant and (8.35) is satisfied for
c1 = 0), or ϕ̇ �= 0 (from which we get (8.35) by dividing (8.40) by ϕ̇). This
completes the proof.

�

At the end, we focus our attention on concurrent vector fields.

Definition 8.14. A vector field ξ on a semi-Riemannian manifold (N, g) is called
concurrent, if (8.15) is satisfied for λ = 1.

Riemannian manifolds equipped with concurrent vector fields have been
intensively studied by many mathematicians (see, e.g. [32–35]).

From Corollary 8.12 we obtain:

Corollary 8.15. A vector field ξ = α(s, t)Zs + β(s, t)Zt on a general rotational
surface M in E

4
2 with orthogonal parametric lines is concurrent, if and only if

one of the following cases occurs:
(i) the functions G, α, β are given respectively by

G =
(

s + q0

q1

)2

; α = s + q0; β = 0,

for some constants q0, q1 ∈ R, with q1 �= 0;
(ii) the functions G, α, β are given respectively by

G = (cs + c0)
2 ; α = εc k + s + q0; β =

k′

cs + c0
,
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for some constants q0, c, c0 ∈ R, such that G is non-zero and k(t) is a smooth
function given by:

k(t) = c1e
√

q1 t + c2e
−√

q1 t − q2, for q1 > 0, where q1 = −εc2;

k(t) = c1 cos
√−q1 t + c2 sin

√−q1 t − q2, for q1 < 0, where q1 =
−εc2;

k(t) = q2
t2

2 + c1t + c2, for c = 0.

Remark. The expressions of G in (i) and (ii) are not equivalent, since the
constant c may be zero.

Each of the Corollaries 8.13 and 8.15 yields the following

Corollary 8.16. A smooth function ϕ(s, t) on a general rotational surface M
in E

4
2 with orthogonal parametric lines has a concurrent gradient vector field,

if and only if one of the following cases occurs:
(i) G is a non-zero constant and ϕ(s, t) = s2+t2

2 +c1s+c2t+c3, for some
constants c1, c2, c3 ∈ R;

(ii) ϕ is given by ϕ = c1

∫ √
Gds + c2, for some constants c1, c2 ∈ R.
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